CHUONG I
MENH DE — TAP HQP

I. MENH DE )

. Ménh dé
e Ménh dé 1a mot ciu khéng dinh dung hoac mot cau kh:fmg dinh sai.
e Mot ménh dé khong thé vira dang, vira sai.
. Ménh dé phi dinh
Cho ménh dé P.
e Ménh d¢ "Khéng phai P" dgl ménh dé phi dinh ctia P va ki hiéula P.
e Néu P dung thi P sai, néu P sai thi P ding.
. Ménh dé kéo theo
Cho hai ménh dé P va Q.
e Ménh dé "Néu P thi Q" dgl ménh dé kéo theo vakihiéula P = Q.
e Ménh dé P = Q chi sai khi P dung va Q sai.
Chu y: Cdac dinh li toan hoc thuwong c6 dang P = Q.
Khi dé: — P la gia thiét, Q la két ludn;

— P la diéu ki¢n dii dé c6 O;

— Q la diéu ki¢n can dé cé P.
. Ménh dé dao
Cho ménh dé kéo theo P = Q. Ménh d&& Q = P dgl ménh dé dao ciia ménh &¢ P = Q.
. Ménh dé twong dwong
Cho hai ménh dé P va Q.
e Ménh d¢ "P néu va chi néu Q" dgl ménh dé twong dwong va ki hiéula P < Q.
e Ménh d¢ P < Q dung khi va chi khi ca hai ménh dé P = Q va Q = P déu ding.
Chii y: Néu ménh dé P < Q la mot dinh li thi ta néi P la diéu kién can va di dé c6 Q.
. Ménh dé chira bién
Ménh dé chira bién 1a mot cau khéng dinh chtra bién nhan gia tri trong mot tdp X nao do
ma véi moi gia tri cia bién thudc X ta dugc mot ménh dé.
. Ki hi¢u V va 3
¢ "Vx € X, P(x)" ¢ "Jx € X, P(x)"
e Ménh d¢ phu dinh cia ménh dé "vx € X, P(x)" 1a "3x € X, P(x)".

e Ménh dé phu dinh cia ménh dé"Ix e X, Px)"la"vx € X, P(x)".

. Phép chitng minh phan chirng

Gia sir ta can chimg minh dinh li: A = B.

Cich 1: Ta gia thiét A dung. Dung suy luan va cac kién thic toan hoc da biét ching
minh B dung.

Cach 2: (Chirng minh phan chirng) Ta gia thiét B sai, tir 46 ching minh A sai. Do A
khong thé vira dung vira sai nén két qua 1a B phai dung.

. B0 sung

Cho hai ménh dé P va Q.

e Ménh dé¢ "P va Q" dgl giao ctia hai ménh dé P va Q va ki hiéulaP A Q.

e Ménh dé "P hoic Q" dgl hop ciia hai ménh dé P va Q va ki hiéula P v Q.

e Phu dinh cua giao, hop hai ménh &&: PAQ=PVv O, PvO=PAQ.
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Bai 1. Trong cac cau dudi day, cau nao la ménh de, cau nao 1a ménh de chira bién:

a) Sb 11 1a s6 chan. ) b) Ban ¢6 chdm hoc khong ?

¢) Hu¢ 1a mdt thanh pho cta Viét Nam. d) 2x + 3 la mdt s0 nguyén duong.
e) 2—-v5<0. f)4+x=3.

g) Hay trd 101 cau hoi nay!. h) Paris la tha d6 nudc Y.

1) Phuong trinh x> —x+1=0 cb nghiém. k) 13 1a mot s6 nguyén to.

Bai 2. Trong cac ménh dé sau, ménh d& nao 1a ding ? Giai thich ?

a) Néu g chia hét cho 9 thi a chiahét cho 3.  b)Néu a>b thi a* > b%.

¢) Néu a chia hét cho 3 thi @ chiahét cho 6.  d) S 7 16n hon 2 va nho hon 4.

e) 2 va 3 1a hai s6 nguyén td cung nhau. f) 81 1a mot s6 chinh phuong.

g) 5 >3 hoac 5 <3. h) Sb 15 chia hét cho 4 hoic cho 5.
Bai3. Trong cac ménh dé sau, ménh dé nao 1a dang ? Giai thich ?

a) Hai tam gidc bang nhau khi va chi khi chung c6 dién tich bang nhau.

b) Hai tam giac bang nhau khi va chi khi chung dong dang va c6 mét canh bang nhau.

¢) Mot tam giac 1a tam giac déu khi va chi khi chung c¢6 hai dudng trung tuyén bang nhau

va c6 mot goc bang 60° .

d) Mot tam giac 1 tam giac vudng khi va chi khi no c6 mot goc bang tong ciia hai goc

con lai.

e) Puong tron ¢6 mot tim ddi ximg va mot truc dbi xtng.

f) Hinh chit nhat c6 hai truc d6i xing.

g) Mot tr giac 1a hinh thoi khi va chi khi né c6 hai duong chéo vuong goéc voi nhau.

h) Mot tir giac ndi tiép dwoc duong tron khi va chi khi nd ¢6 hai goc vudng.
Bai4. Trong cac ménh dé sau, ménh dé nao la dung ? Giai thich ? Phat biéu cac ménh dé do

thanh 1o1:
a) VxeR,x>>0. b) IxeR,x > x> ¢) Ixe0,4x>-1=0.
2
d) VneN,n*>n. e) VxeR x> —x=1>0 f)y VXER X" >9=x>3
@) VxeRx>3=x>>9. h) VxeRx><5= x<~/5 i) IxeR,5x—3x><1
k) Ixe N, x> +2x+5 la hop sb. 1) Vne N,n” +1 khong chia hét cho 3.
m) Vane N ,n(n+1) lasd 1é. n) VaneN ,n(n+1)(n+2) chia hét cho
6.
Bai 5. Dién vao chd tréng tir ndi "va" hay "hodc" dé duoc ménh dé dung:
Q) T<4..7>5. b) ab=0 khi a=0...b=0.

c) ab#0khia#0...b#0 d) ab>0khi a>0...b>0...a<0...b<0.
¢) Mot s6 chia hét cho 6 khi va chi khi n chia hét cho 2 ... cho 3. ‘
f) M6t so chia hét cho 5 khi va chi khi chit s6 tdn cung ctia né bang 0 .... bang 5.
Bai 6. Cho ménh dé chira bién P(x), v6ix € R. Tim x dé P(x) 1a ménh dé ding;
a) P(x):"x>—5x+4=0" b) P(x):"x>—5x+6=0" ¢) P(x):"x*-3x>0"

d) P(x):"\/;2x" e) P(x):"2x+3<7" f) P(x):"x"+x+1>0"
Bai 7. Néu ménh dé phu di’nh cua cac ménh dé sau:

a) SO tu nhién n chia hét cho 2 va cho 3. i

b) S6 ty nhién n ¢6 chir s6 tan cung bang 0 hodc bang 5.

¢) Tt gidc T c6 hai canh doi vira song song vira bang nhau.

d) SO ty nhién n c6 udc s6 bang 1 va bang n.
Bai8. Néu ménh dé phu dinh cua cac ménh dé sau:

a)VxeR:x2>0. b)EIxeR:x>x2.

c) EIer:4x2—1=0. d) VxeR:x>—x+7>0.
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e) VxeR:x*—x-2<0. f) IxeR:x>=3.
g) Vne N,n” +1 khong chia hét cho 3. h) Vne N,n* +2n+5 1a sb nguyén td.

i) Vne N,n* +n chia hét cho 2. k) Vne N,n* -1 1asb 1&.
Bai 9. Phét biéu cic ménh d& sau, bang cach sir dung khai niém "diéu kién can", "diéu kién
du'":

a) Néu mot sb tu nhién co chit s6 tan cung 1a chit s6 5 thi né chia hét cho 5.
b) Neu a+ b >0 thi mét trong hai sO a va b phai duong.
¢) Néu mot so tu nhién chia hét cho 6 thi né chia hét cho 3.

d)Néu a=b thi a®> =b>.
e) Néu a va b cung chia hét cho c thi a + b chia hét cho c.
Bai 10. Phat biéu cidc ménh dé sau, bﬁng cach stir dung khai niém "diéu kién can", "diéu kién
du":
a) Trong mit phang, néu hai dudong thang phéan biét cing vudng goc véi mot dudng thang
thir ba thi hai duong thing 4y song song véi nhau.
b) Néu hai tam giac bang nhau thi chung c¢6 dién tich bang nhau.
¢) Néu tir gidc T 1a mot hinh thoi thi n6 ¢6 hai dudng chéo vudng goc voi nhau.
d) Néu tir giac H 1a mot hinh chit nhat thi n6 ¢ ba goc vuong.
e) Néu tam giac K déu thi né ¢6 hai goc bang nhau.
Bai 11. Phat biéu cac ménh dé sau, bﬁng cach st dung khai niém "diéu kién can va du":
a) Mot tam giac 1a vudng khi va chi khi n c6 mot goc bang tong hai goc con lai.
b) Mot tr giac 1a hinh chir nhat khi va chi khi n6 c6 ba goc vudng.
¢) Mot tir giac 14 ndi tiép duoc trong dudng tron khi va chi khi nd c6 hai goc ddi bu nhau.
d) Mot s6 chia hét cho 6 khi va chi khi n6 chia hét cho 2 va cho 3.
¢) S6 tw nhién n 13 s6 1é khi va chi khi n? 1a sd 1¢.
Bai 12. Chig minh cac ménh dé sau bang phuong phéap phan ching:
a) Néu a+b <2 thi mot trong hai s6 @ va b nho hon 1.
b) Mot tam giac khong phai 14 tam giac déu thi n6 co it nhat mot goc nho hon 60° .
c)Néu x#—1va y#—1thi x+y+xy=—1.
d) Néu binh phwong ctia mot s6 ty nhién » 13 mot s6 chin thi » cling 1 mot sé chin.
e) Néu tich cta hai s tu nhién 12 mot sd 1é thi téng cua chung la mot sb chan.
f) Néu mot tir gidc co tong cac goc ddi dién bang hai goc vudng thi tir gidc d6 noi tiép
dugc duong tron.

g) Néu x2+y2:O thix=0vay=0.
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[ II. TAP HQP )

1. Tap hop
o Tap hop 1a mot khai niém co ban cua toan hoc, khong dinh nghia.
e Cach xac dinh tip hep: i ’
+ Liét ké cac phan tu: viét cac phan tir cua tap hop trong hai dau moc { ... }.
+ Chi ra tinh chat dac trung cho cac phan tir cua tap hop.
e T4p rong: 1a tip hop khong chira phan tir ndo, ki hiéu &.
2. Tap hop con — Tap hgp bang nhau
e AcBo(VxeA=xeB)
+ Ac A, VA + Jc A, VA +AcB,BcC=AcC
e A=B=(AcBvaBcA)
3. Mt s6 tap con ciia tap hop s6 thue
e NNcNcZc OcCR
Khoang: (a;b) = {x € R|a <x< b} ; (a;+0) = {x eR|a < x} ; (—oo;b)z{x eR|x < b}
DPoan: [a;b] :{x € R|a <x< b}
o Nura khoang: [a;b)= {x eRla<x< b} ; (a;b] :{x eRla<x< b};

[a;+oo)={xeR|a£x}; (—oo;b]={xeR|x£b}
4. Cac phép toan tap hop

« Giao ciia hai tap hop: ANB& {x[xeAvaxeB)

e Hop cua hai tap hop: AuB<:>{x|xeA hodcxeB}

* Hi¢u ciia hai tap hop: A\B& {x|xeAvaxeB)
Phén bu: Cho Bc A thi C,B=A\B.

Bai 1. Viét mdi tap hop sau bang cach liét ké cac phén tir ciia no:
A={rer|@?-5x+3)(?-4x+3)=0]  B={xeRr|(x?-10x+21)> —x) =0
C= {xer|6x?-7x+ D -5x46)=0} D= {xezhx®-5xr+3=0}
E={xeN|x+3<4+2xvasx-3<dx—1} F={xez|x+2|<1

G={xeN|x<5} H={xeR|x2+x+3:O}

Bai 2. Viét mdi tap hop sau bang cach chi rd tinh chat dic trung cho cac phan tir cia no:
A=1{0;1; 2 3 4 B=1{0; 4; 8 12,16} C=1{-3;9; -27; 81
D=1{9; 36; 81; 144}  E={2,3,5,7,11} F={3,6,9,12,15}

G = Tap tat ca cac diém thudc duong trung tryc ciia doan thang AB.
H = Tap tat ca cac diem thudc duong tron tdm I cho trudc va c6 ban kinh bang 5.
Bai 3. Trong cac tip hop sau day, tap nio la tap rong:

A={er||x|<1} B={xeR|x2—x+1:O} C={er|x2—4x+2=O}
D-{xeols®-2=0} E={ren[®+7x+12=0} F={xeRlx>~4x+2-0}

Bai4. Tim tit ca cac tap con, cac tdp con gdm hai phan tir ciia cc tap hop sau:
A=1{1,2} B={l,2,3} C={a, b,c, d}
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D={xeR|2x2—5x+2=0} E={er|x2—4x+2=0}

Bai5. Trong cac tap hop sau, tap nao la tap con cia tap nao?
a)A=11,2,3}, B={xeNlr<4}, C=(0;+w), D={xeRrPx?-7x+3=0}.
b) A = Tap cac wdc s ty nhién cua 6 ; B = Tép cac udc sd ty nhién cua 12.

c¢) A = Tap cac hinh binh hanh; B = Téap cac hinh chif nhét;
C = Tap cac hinh thoi; D = Tap cac hinh vudng.
d) A = Tép céc tam giac can; B = Tép cac tam giac déu;
C =Tap cac tam giac vuong; D = Tap cac tam giac vudng can.

Bai6. TimA NB,AUB,A\B,B\A véi:
a)A=1{2,4,7,8,9,12},B=1{2,8,9,12}
b)A=12,4,6,9},B={1,2,3,4}

) A={xeRl2a®-3x+1=0},B= {xeR|2x-1=1}.
d) A = Tap cac udc sb cia 12, B = Tép cic udc sb cua 18.

e)A= {x € R‘(x+1)(x —2)(x2 —-8x+15)= 0} , B=Tap céc s6 nguyén t6 c6 mot chir sb.
pA=1{rezl? <4f,B={xez|Gx-3x2)u2 -2x-3)=0}.
o) A= {xeN\(x2 —9)(x2—5x—6)=0}, B = {x e N|x la 56 nguyén 16',x <5} .

Bai7. TimA N B,AUB,A\B,B\A, CA vii:

a) A=[-4;4],B=[1;7] b)A=[-4-2],B=(3;7]
¢) A=[4;2], B=[2:+w) d) A = (—0; 2], B = [3; +o0)
) A=[3;+0),B=(0;4) f)A=(1;4),B=(2;6)

9 A=(2].B=(-12) h) A =(-:1),B=(~1:0)

Bai8. TimAuUBUC,AnBNCvéi:
a)A=[1;4],B=(2;6),C=(1;2) b) A = (—o0; —2], B =[3; +o0), C = (0; 4)
)A=[0;4],B=(1;5),C=(-3;1] d)A=(-x;2],B=[2;+), C=(0;3)
e) A=(-5; 1], B =[3; +0), C = (—o0; —2)

Bai 9. Ching minh rang:
a)Néu A cBthiANnB=A. b)Néu A = CvaB cC thi (A UB)cC.
c)NeuAUB=ANBthiA=B d)NéuAcBvaAcCthiAcBnC).
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[ I11. SO GAN PUNG — SAI SO

1. So gan diang
Trong do dac, tinh toan ta thuong chi nhan dugc cac so gan dung.

2. Sai s0 tuyét doi
Néu a la s6 gan ding cua s6 ding a thi 4 = |z —dl dgl sai so tuyét doi ctia so gan ding
a.

3. b chinh xac ciia mot so gan diung
Néu A =|a@—al<d thi a—d<@<a+d. Tandialassd gan dang cia @ voi dj chinh
xacd, vaquiudcvietgonla a=a+td.

4. Sai s0 twong doi

Sai s6 twong ddi cua s6 gan diing a 1a ti s giira sai s6 tuyét d6i va

e 0, cang nho thi d¢ chinh xac cua phép do dac hodc tinh toan cang lon.
e Ta thuong viét & , dudi dang phan tram.

5. Qui tron sb gz‘"m dang
. Neu chir s6 ngay sau hang qui tron nho hon 5 thi ta chi viéc thay thé chit s6 d6 va cac
chir s6 bén pha1 no6 bdi s6 0.
. Neu chir s6 ngay sau hang qui tron 16n hon hay bang 5 thi ta thay thé chir sb d6 va cac
chir s6 bén phai n6 boi s6 0 va cong thém mdt don vi vao chir s6 ¢ hang qui tron.
Nhn xét: Khi thay 0 dung boi s6 qui tron dén mét hang nao dé thi sai sé tuyet doi cua
$6 qui tron khéng vieot qud niva don vi ciia hang qui tron. Nhie vdy, dé chinh xdc cia sé
qui tron bang nira don vi ciia hang qui tron.

6. Chir sb chic
Cho s gan dung a cua s @ véi @6 chinh xé4c d. Trong s6 a, mot chir s6 dgl chir s6 chic
(hay dang tin) néu d khong vugt qua nira don vi cua hang co6 chir s6 do.
Nhén xét: Ta at ca cdc chir so ditng bén trdi chiv s6 chac déu la chit s6 chac. Tat cd cdc
chit s6 ditng bén phdi chit sé khéng chdc déu la chi sé khéng chdc.

~ CHUONGII
HAM SO BAC NHAT VA BAC HAI

[ I. HAM SO ]

1. Pinh nghia
e Cho D c R, D # &. Ham sb f x4c dinh trén D 1a mot qui tic dat trong ing mdi sd x €
D v6i mot va chi mot s y € R.
o x dgl bién s6 (ddi s6), y dgl gia tri ctia ham sb ftai x. Ki hiéu: y = f{x).
e D dgl tap xac dinh cia ham sb.
oT= {y = f(x)|x € D} dgl tap gié tri ctia ham sb.
2. Cach cho ham sb

e Cho bang bang e Cho bang biéudd e Cho bang cong thirc y = f{x).
74 ap xdc dinh ciia ham s6 y = f(x) la tdp hop tdt ca cdc s6 thuc x sao cho biéu thirc f(x)
co6 nghia.
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3. Do thi ciia ham s
Po thi ciia ham s6 y = f{x) xac dinh trén tap D la tap hop tit ca cac diém M (x; f (x))
trén mat phéng toa dd voi moi x € D.
Chit y: Ta thiong gdap do thi cia ham s6 y = f{x) la mét dwong. Khi d6 ta néi y = f{x) la
phwong trinh cua duong do.
4. Sw bién thién ciia ham s6
Cho ham sd fxac dinh trén K.
e Ham s6 y = f{x) dong bién (ting) trén K néu Vx;,x, € Kixp <xy = f(x) < f(x,)
e Ham s6 y = f{x) nghich bién (gidm) trén K néu Vx,,x, e K :x; <x, = f(x,)> f(x,)
5. Tinh chén 1é ciia ham s6
Cho ham sb y = f{x) c6 tap xac dinh D.
e Ham s6 f'dgl ham sb chin néu voi Vx e D thi —x € D va f{—x) = f{x).
e Ham s6 fdgl ham s6 1é néu v6i Vx € D thi —x € D va f{—x) = —f{x).
Chuy: + Do thi ciia ham s6 chan nhén truc tung lam truc doi xung.
+ D6 thi ciia ham s6 16 nhédn géc toa dé lam tam doi xung.

VAN BE 1: Tim tip xac dinh ciia him s

e Tim tdp xdc dinh D cia ham sé y = f{x) la tim tat ca nhitng gid tri ciia bién sé x sao
cho biéu thire f{x) ¢é nghia: D = {x € R|f(x) co nghfa} .
o Diéu kién xdc dinh ciia mot sé ham sé thuwong gap:
P,
0(x)
2)Ham séy = m : Diéu kién xdc dinh: R(x) > 0.

Chuy: + Bé{ khi ta sif dungp,h(fi hop cdc diéu kién véi nhau.

+ Piéu kién dé ham so xac dinh trén tdp A la A < D.

A=0
+A.B .
¢0<:>{B¢O

1) Ham s6 y = Diéu kién xdc dinh: O(x) = 0.

Bai 1. Tim tap xac dinh ctia cac ham so6 sau:

4 x-3 X
a = — b = C =
)y 4 )y s ox )y ERP
3x x—1 x—1
x“+x+1 2x°—=5x+2 x> +1
3 X 2x+1 . 1
g y=——+—— h) y= 5 Dy=—F——
1-x= x+1 (x=2)(x"—4x+3) xT+2x°-3
. X dx+1 Sx+1 1 1-2x
Dy= - k) y= Dy=—

3x-1 x?43x

9x* —6x% + x?

Bai 2. Tim tap xac dinh ctia cac ham s sau:

a) y=+v2x-3
d) y=\/)c—1+L
x=3

b) y=+2x-3|

e)

1
TN
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) y=v4-x++x+1
f) y=Ax+3-2vx+2



\V5-2x

e y:(x—Z)\/x—l

8x x=2
+

RN e

h) y=\/2x—l+‘/31
-X

y= Vx+2++43—-x

Bai 3. Tim a dé ham s6 xéc dinh trén tap K da chi ra:

2x+1
a) y=— ;
x“—6x+a-2
3x+1
b) y=— ;
x“—2ax+4

c) y=\/x—a +\/2x—a—1; K = (0; +o0).

d) y=+2x-3a+4+

x+2a

x—a+1’

e) y=

f) y=L+\/—x+2a+6;K=(—1; 0).

X—a

e) y=v2x+a+1+

1) y=vx+3+ 21

x" -4

Vx? +4x+5

o y="" hy=rs
X2 —5x+4 ‘x +4x—2‘—‘5—2x‘
K=R. DS:a>11
K=R. DS:-2<a<?2
DS:a <1
4
; K = (0; +o0). DS: lSaSE
K=(-1;0). DS:a <0 hodca>1
DS: -3 <a <-1
K =(1; +o0). DS:—-1<a<]

VAN DE 2: Xét tinh chéin 1& ctia ham s6

Pé xét tinh chan 1é ciia ham s6 y = f{x) ta tién hanh cdc buéc nhw sau:
e Tim tdp xdc dinh D ciia ham sé va xét xem D c6 la tdp déi xvmg hay khéng.
e Néu D la tdp doi xiemg thi so sanh f(—x) véi f(x) (x bat ki thuéc D).
+ Néu f(—x) = f{x), Vx € D thi fla ham sé chan.
+ Néu f(—x) = —f(x), Vx €D thi fla ham s6 Ié.
Chity: + Tdp déi xieng la tdp thoa man diéu kién: Véi vx € D thi —x e D.
+ Néu Fx € D ma f{—x) ##f{x) thi f la ham sé khéng chan khéng Ié.

Bai 1. Xét tinh chén 1é cta cic ham sd sau:

a) y=3x>-5
d) y=[x+1l+2x-1
g y=x2:4

X

1 y=|x+2|—|x—2|
\2021)4

x? —2‘x‘—3

p) y=N2—-x++3+x

Bai 2. Tim m dé:

m) y=

b) y= —2x3 43x

e) y=(x—1)>

:2x3—5x

x> —4
|x+l|+|x—l|
Kyy=r—"" ~
U T

n) y=v4-x*

h)y

r) y=v4—-x++v4+x
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c) y=x4—4x2+2

f) y=x’+x
1) y=2x2—|x|
1) y=‘3x+x3‘

0) y=(2x-3)" +(2x+3)’

s) y=+1-2x —+1+2x




a)y= f(x)=mx> —(m2 +2m —3)x2 1+2021x c6 db thi nhan tam O 1am tam déi xing

b)y=f(x)= x* —m(m - l)x3 +x% + mx +m?c6 d6 thi nhan truc tung lam truc di xung.

[ II. HAM SO BAC NHAT )

1. Ham s6 bac nhat y=ax+b (a #0)
e Tap xac dinh: D =R.
e Su bién thién: + Khi a > 0, ham sb déng bién trén R.
+ Khi a < 0, ham s6 nghich bién trén R.
e D thi 1a dudng thang c6 hé s6 goc bang a, cit truc tung tai diém B(0; b).
Chit y: Cho hai dwong thang (d): y =ax +bva (d):y=ak +b"
+ (d) song song voi (d) <a=a’vab #b’.
+ (d) trung véi (d) <a=a’vab=>b"
+(d)cat(d) =a#a’
2. Ham s y =lax+b| (@a=0)

ax+b khixZ—é

y=|ax+b|= Z
—(ax+Db) khi x <——

a

Chii y: Dé vé do thi ciia ham s6 y = lax +b| ta c6 thé vé hai dwong thang y = ax + b va
y =—ax — b, roi xod di hai phan dwong thang nam & phia dwdi truc hoanh.

Bail. V€ do thi cua cac ham so sau:

a) y=2x-7 b) y=-3x+5 c)yzxg3 d)y:S;x
Bai 2. Tim toa do giao diém cua cac cip dudng thing sau:

a) y=3x-2; y=2x+3 b) y=-3x+2; y=4(x-3)

x-3 5-x
c) y=2x; =—x-3 d == =
)y y )y 3 y==3

Bai 3. Trong mdi truong hop sau, tim gia tri k dé d0 thi cia ham s& y = —2x+k(x+1):

a) Pi qua gdc toa 46 O b) Di qua diém M(-2 ; 3)

¢) Song song véi dudng thang y = \/E.x
Bai4. Xac dinh a va b dé do thi chiaham sé y=ax+b:
a) Di qua hai diém A(-1; —20), B(3; 8).

b) Pi qua diém M(4; —3) va song song voi duong thang d: y = —%x +1.

¢) Cit duong thiang d;: y=2x+5 tai diém c6 hoanh d6 bing —2 va cit duong thang da:
y=-3x+4 tai diém c6 tung d6 bang 2.

d) Song song v&i duong thang yzéx va di qua giao diém cia hai duong thang

y=—%x+1 va y=3x+5.

Bai 5. Trong mdi truong hop sau, tim cac gia tri ciia m sao cho ba duong thang sau phan biét
va dong qui:
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a) y=2x; y=-x-3; y=mx+5

b) y=-5(x+1); y=mx+3; y=3x+m

c) y=2x-1; y=8—x; y=3-2m)x+2

d) y=05-3m)x+m-2; y=—x+11;, y=x+3

e) y=—x+5  y=2x-7, y=(m-2)x+m>+4

III. HAM SO BAC HAI )

y =ax> +bx+c (a =0)
e Tap xac dinh: D=R
e Su bién thién:

B 4B a<
% | -x -b2a o x | -0 -b/2a +1
4 +I -Afda
) \‘ / g / \
LA s o .

e D) thi 1a mot parabol ¢6 dinh [/ (—i;—ﬁj , nhan duong théng X = —i lam truc dbi
2a  4a 2a

xtng, huéng bé 16m 1én trén khi a > 0, xudng dudi khi a < 0.
Chu y: Dé vé duong parabol ta co thé thuc hién cac budc nhu sau:

— Xac dinh toa do dinh I(—i,—ﬁj
2a  4a

— Xdc dinh truc doi ximg x = —2£ va huéng bé 1om ciia parabol.
a

— Xdc dinh mét sé diém cu thé cia parabol (chang han, giao diém cia parabol véi
cac truc toa dé va cdc diém doi xung voi ching qua truc truc doi xing).
— Can cir vao tinh déi xieng, bé 16m va hinh dang parabol dé vé parabol.

Bai 1. Xét su bién thién va vé do thi ciia cac ham so sau:

a) y=x2—2x b) yz—x2+2x+3 c) yz—x2+2x—2
d)y=—%x2+2x—2 e) y=x>—4x+4 f) y=—x*—4x+1
Bai2. Tim toa do giao diém (néu c6) cla cac cap dd thi ctia cac ham sb sau:
a) y=x—1; y=x2—2x—l b) y=—x+3; y=—x 2 _4x+1
) y=2x-5  y=x*—dx+4 d) y=x*-2x-1; y=x’—4x+4

e) y:3x2—4x+l;y=—3x2+2x—1 f) y=2x2+x+l;y=—x2+x—1

Bai 3. Xac dinh parabol (P) biét:

a) (P): y=ax*+bx+2 di qua diém A(1; 0) va co truc ddi xtmg ng

b) (P): y= ax® +bx+3 di qua diém A(—1; 9) va c6 truc d6i ximg x =—-2.

¢) (P): y=ax> +bx+c di quadiém A(0; 5) va co dinh I(3; —4).

d)(P): y= ax* +bx+c di qua diém A(2; -3) va c6 dinh I(1; —4).

e)(P): y= ax* +bx+c di qua cac diém A(1; 1), B(~1; =3), O(0; 0).
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f) (P): y=x? +bx+c di quadiém A(1; 0) va dinh I ¢6 tung do bing —1.

BAI TAP ON CHUONG II

Bai 1. Tim tép xac dinh ctia cac ham so sau:

a) y=~2—x— 44 b)y:—"l_x; VI+x c)
x4+
y= 3x% —x
|x2—x|+|x—l|
" y:x2+\/2x+3 o y:\/x+2+\/3—2x 2x—1

2 ny=—l
2—-+5-x |x|_1 x|x|—4

Bai 2. Xét tinh chin 1é cta cac ham sb sau:

4 2
Q) y= 12 b) y=v3+x+y3-x ¢) y=x(x>+ 2lx)
x° =1
lx+1]+|x-1| il x f
d) y=r——7—— e) y=-—>— f) y=~vx-2
e +11=|x—1] x2+1

Bai3. Gia sty = f(x) la ham s xé4c dinh trén tap ddi xtirg D. Ching minh rang:

a) Ham s§ F(x)= %[ () + f(=x)] 1a ham s6 chin x4c dinh trén D.

b) Ham s6 G(x) = %[ f(x)= f(=x)] 1a ham s6 1¢ xac dinh trén D.

¢) Ham s6 f{x) c6 thé phan tich thanh tong ciia mot ham sé chin va mot ham sb 1é.
Bai4. Chohamsd y= ax* +bx+c (P). Tima, b, c
e Tim a, b, ¢ thoa diéu kién duoc chi ra.
e Khdo sat su bién thién va vé do thi (P) cia ham sb vira tim duoc.
e Tim m dé duong thang d cit (P) tai hai diém phan biét A va B. Xéc dinh toa do
trung di€ém I cua doan AB.
2) (P) ¢6 dinh s(%;%} va di qua diém A(L: 1): d: y=mx .

b) (P) c¢6 dinh S(1; 1) va di qua diém A(0; 2); d: y=2x+m.

: CHUS)’N G III :
PHUONG TRINH VA HE PHUONG TRINH

[ I. PAI CUONG VE PHUONG TRINH )

1. Phwong trinh mét 4n f(x) =g(x) (1)
e xp 1a mot nghiém cua (1) néu "f(xg) = g(xp)" 1a mot ménh dé ding.
e Giai phuong trinh 13 tim tit ca cac nghiém cua phuong trinh do.
e Khi giai phuong trinh ta thuong tim diéu kién xac dinh cta phuong trinh.
Chu y:
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+ Khi tim DKXD ciia phuwong trinh, ta thwong gap cac truong hop sau:

thi can diéu kién P(x) #0.

— Néu trong phwong trinh c¢é chira biéu thirc
P(x)
— Néu trong phwong trinh cé chira biéu thirc \|P(x) thi can diéu kién P(x) > 0.
+ Cdc nghiém cua phieong trinh f(x) = g(x) la hoanh d¢ cic giao diém cia do thi hai
ham s6 y = f{(x) va y = g(x).
2. Phuong trinh twong duwong, phwong trinh hé qua
Cho hai phuong trinh f1(x) = gi(x) (1) c6 tap nghiém S1
va f2(x) = g2(x) (2) c¢o6 tap nghiém S».
¢ (1) & (2) khi va chi khi S1 = S».
e (1) = (2) khi va chi khi S; < S..
3. Phép bién ddi twong dwong
e Néu mot phép bién doi phuong trinh ma khong lam thay doi diéu kién xac dinh ciia no
thi ta dugc mot phuong trinh twong duong. Ta thuong st dung cac phep bién d6i sau:
— Cong hai v€ cua phwong trinh v6i cing mot biéu thirc.
— Nhan hai vé cia phuong trinh v6i mot biéu thire ¢6 gi tri khac 0.
e Khi binh phwong hai vé cia mot phuong trinh, néi chung ta dugc mot phuong trinh
hé qua. Khi d6 ta phai kiém tra lai dé loai bo nghiém ngoai lai.

Bai 13. Tim diéu kién x4c dinh ciia mdi phuong trinh va giai phuong trinh do:

a) 3x+ > =12+ > b) Sx+ ! =15+ !
x—4 x—4 x+3 x+3
c) 2ot g 1 d) 3x+ 2 542
x—1 x—1 x=5 x=5

Bai 14. Tim diéu kién x4c dinh ctia mdi phuong trinh va giai phuong trinh do:

a) l+vVl—-x=+x-2 b) Vx+1=+2-x
) vx+1l=x+1 d) Vx—-1=1-x

* 3 2_J1-x=/x-2+3
e)\/; \/; f) x x-2+

Bai15. Tim diéu kién x4c dinh ciia mdi phuong trinh va giai phuong trinh do:

a) Vx—3(x>=3x+2)=0 b) Vx+1(x*—x-2)=0
X 1 \/— x2—4 x+3
= —Jx-2 +x+
K Vx—=2 x-2 * \/x+ \/x+

Bai16. Tim diéu kién x4c dinh ciia mdi phuong trinh va giai phuong trinh do:

a) |x—2|=x+1 b) |x+1|=x—2
) 2lx—1=x+2 d) [x-2|=2x-1
Bail7. Tim diéu kién x4c dinh ctia mdi phuong trinh va giai phuong trinh do:
2) |X| b) |x—2| _x=2
Vx— \/ V=1 ~Jx—
5 |x| _ |x 1| 1-x
NV2—x \/ \/ \/
[ 1. PHUONG TRINH ax +b =0 )
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ax+b=0 (1)

Hg so Két luin
a#0 (1) c6 nghiém duy nhdt x = b
a

b=0 | (1)vonghiém
b =0 | (1)nghiém dung véi moi x

Chit y: Khi a #0 thi (1) dgl phwong trinh bdc nhat mét éan.

Bai 1. Giai va bién luan cac phuong trinh sau theo tham s6 m:

a) (m2+2)x—2m=x—3 b) m(x—m)=x+m-2
b) m(x—m+3)=m(x-2)+6 d) mz(x—1)+m=x(3m—2)
) (m> —m)x=2x+m* -1 ) (m+1)°>x=C2m+5)x+2+m
Bai 2. Trong cic phuong trinh sau, tim gia tri ciia tham s6 dé phuong trinh:
i) C6 nghiém duy nhat i1) V6 nghiém ii1) Nghiém dung véi moi x € R.
a) (m—2)x=n-1 b) (m?> +2m—-3)x=m-1
c) (mx+2)(x+1):(mx+m2)x d) (mz—m)x=2x+m2—1

| 1L PHUONG TRINH BAC HAL ax’ + bx +c=0(a #0) |

1. Cach giai

ax’+bx+c=0 (a0 (1)
A=b*—4ac Két luan
b+
4>0 (1) 6 2 nghiém phan bict x,, :bz—_&
’ a
. Py b
A4=0 (1) ¢o nghiém kép x =——
2a
4<0 (1) v6 nghiém
Chity: —Néua+b+c=0thi(l)céhainghiémlix=1vax= <.
a

—Néua—b+c=0thi(l)cé hai nghiém lax =—1I va x = -
a

— Néu b chan thi ta cé thé ding céng thire thu gon véi b’ = g .
2. Pinh li Vi-et

Hai s x,,X, 1a cac nghiém cua phuong trinh béac hai ax* +bx+c=0 khi va chi khi

, s s 1A b c
chiing thoa mén cac h¢ thac S=x +x, =—— va P=xx,=—.
a a

VAN DE 1: Giai va bién luan phwong trinh ax’ + bx +c¢ =0
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Pé gidi va bién ludn phirong trinh ax* +bx+c=0 fa can xét cdc truweong hop c6 thé xay
ra cua hé $6 a:

— Néu a = 0 thi tré vé gidi va bién ludn phiong trinh bx +c¢ =0.

— Néu a #0 thi méi xét cdc truong hop ciia A nhu trén.

Bai 1. Giai va bién luédn cac phuong trinh sau:

a) x> +5x+3m-1=0 b) 2x% +12x—15m =0
¢) x> —2(m—1x+m>=0 d) m+Dx>=2(m-Dx+m—-2=0
e) (m—Dx>+2-m)x—-1=0 D) mx*>—2(m+3)x+m+1=0
Bai 2. Tim m dé phuong trinh sau c6 nghiém kép
a) x2—2(m—1)x+2m+1:0 c) (1+4m)x2—4mx+m—3=0
b) mx2+2(m+3)x+m+1:0 d) (m—Z)xz—mx+2m—3:0
Bai 3. Tim m dé phuong trinh ¢6 hai nghiém phan biét
a) x*=2(m-1)x+m’>-3m+4=0 ) (m=1)x*+4x—(m+4)=0
b) (m+1)x*—(2m+8)x+m—4=0 d) (m+2)x*=2(m+3)x+5m=0
e) )
Bai 4. Cho bi¢t mot nghi€ém cta phuong trinh. Tim nghiém con lai:
a) x2—mx+m+1=0;x=—% b) 2x2 =3m*x+m=0; x=1
¢) m+1)x%>=2m-Dx+m-2=0; x=2 d) x> —2m-Dx+m?>-3m=0; x=0

VAN DE 2: Diu ciia nghiém s6 ciia phwong trinh ax*> +bx+c=0 (a=0) ()

e (1) c6 hai nghiém trdi dau <P < 0 o (1) ¢6 hai nghiém ciing dau < {;‘3 ig
A4>0 A4>0

e (1) co hai nghiém duwong < {P >0 o (1) co hai nghiém am < P >0
$>0 S<0

Chit y: Trong cdc trwong hop trén néu yéu cau hai nghiém phan biét thi A> 0.

Bai 1. Xac dinh m dé phuong trinh:

i) c6 hai nghiém trai dau i) ¢6 hai nghiém am phan biét
iii) c6 hai nghiém duong phan biét
a) x> +5x+3m-1=0 b) 2x2 +12x—15m =0
¢) x> =2(m-Dx+m> =0 d) (m+Dx>=2(m-Dx+m—-2=0
e) (m—-Dx*>+2-m)x—1=0 D) mx*> —2m+3)x+m+1=0
g) x> —dx+m+1=0 h) (m+l)x2+2(m+4)x+m+1=0

VAN DE 3: Mt s6 bai tip ap dung dinh li Vi—et

1. Biéu thirc doi xirng ciia cac nghiém so

, ) , b C sz ..2 X . L2 , £,
Ta s dung cong thicc S =x+x, =——; P=x,x, =— dé biéu dién cac biéu thirc doi
a a

xung cua cdac nghiém x;, x2 theo S va P.
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Vi du: xl2 + x% =(x +xz)2 —2xxy = s?-2p
x4 = (x + 5| (4 + 3,07 =3x,x, | = S(52 -3P)

2. Hé thirc ciia cac nghiém ddc 1ap d6i véi tham so
Dé tim hé thirc cua cdc nghiém doc lap doi voi tham so ta tim:

c . o £
S=x+x,=——; P=xx,=— (S, P co chira tham so m).
a a

Khir tham s6 m gitta S va P ta tim dwoc hé thire gitka x1 va x:.
3. Lap phwong trinh bic hai
Neu phuwong trinh bdc hai co cdc nghiém u va v thi phwong trinh bdc hai co6 dang:

x> —Sx+P=0, trongdo S =u+v, P=uv.

Bai 1. Goi xy, x2 1a cac nghiém cuia phuong trinh. Khong giai phuong trinh, hay tinh:

A=x12+x§; B=x13+x§; C=x14+xg; D=|x1—x2; E= (2x, +x,)(2x, +x,)
a) x> —x—-5=0 b) 2x2-3x-7=0 ¢) 3x*> +10x+3=0
d) x2-2x-15=0 e) 2x2 —5x+2=0 f) \3x2 +5x -2 =0

Bai 2. Cho phuong trinh: (m+Dx?> —2(m—Dx+m-2=0 (*). Xac dinh m dé:
a) (*) c6 hai nghiém phan biét.
b) (*) c6 mot nghiém bang 2. Tinh nghiém kia.
c¢) Tong binh phuong cac nghiém bang 2.
Bai3. Cho phuong trinh: x*> —2(2m+1)x+3+4m=0 (*).
a) Tim m d€ (*) c6 hai nghiém x, x,.
b) Tim hé thuc gitta x1, x> doc 1ap doi voi m.

¢) Tinh theo m, biéu thirc A = x13 + xg .

d) Tim m d& (*) c6 mot nghiém gép 3 1an nghiém kia.

e) Lap phuong trinh béc hai c6 cac nghiém la x12 , x% .

V2

HD: a) |m|> > b) x,+x,—xx, =1 ¢) A= (2+4m)(16m* +4m—5)
_l’_
d) m= Lzﬁ ¢) x2—2(8m> +8m—1)x+(B+4m)> =0

Bai4. Cho phuong trinh: x> —2(m—1Dx+m? -3m=0 (*).
a) Tim m dé (*) c6 nghiém x = 0. Tinh nghiém con lai. '
b) Khi (*) c¢6 hai nghiém x1, x> . Tim hé thirc gitta x1, x> ddc 1ap doi véi m.

¢) Tim m d¢€ (*) c6 hai nghiém xi, x> thoa: xlz +x§ =8.

HD: a)ym=3;m=4 b) (x1+x2)2—2(x1+x2)—4x1x2—8=0 ogm=—-1,m=2.

Bai 5. Cho phuong trinh: X2 —(m? =3mx+m’> =0.
a) Tim m dé phuong trinh c6 mot nghi¢m beflng binh phuong nghiém kia.
b) Tim m d€ phuong trinh c6 mét nghi€ém bang 1. Tinh nghiém con lai.

HD: ym=0;m=1 b) x,=1x, =527, x, ==532-7.
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IV. PHUONG TRINH CHUA AN TRONG DAU
GIA TRI TUYET POI

1. Pinh nghia va tinh chit

A khi A>0
-IAI—{_A A0 o lal>0,vA
o |A.B|=|4lB] ol =42
o |A+Bl=|Al+|Ble AB>0 o |[A-Bl=|Al+|Bl= AB<0
o |A+Bl=|Al-IB| = aB<0 o |A-Bl=|Al-1B|l = AB>0

2. Cach giai q
beé giai phuong trinh chtra an trong dau GTTD ta tim cach d¢ khir dau GTTD, bang cach:
— Dung dinh nghia hodc tinh chat caa GTTD.

— Binh phuong hai vé.
—Pat an phuy.
A>0
520 2
e Dang 1: lAl=B < {A:B hoéc‘A‘zB@ -
A<O
A=-B
{Az—B
Cl C2 _
* Dang 2: lAl=|Bl < A% =5’ @{2;’_33
e Dang 3: alAl+b|Bl=C

Dbi v6i phuong trinh c6 dang nay ta thuong ding phuong phap khoang dé giai.

Bai 1. Gidi cac phuong trinh sau:

a) [2x—1l=x+3 f) [4x—17]= x> —4x -5
b) |4x+7|:2x+5 2) |x—l|—|x|+|2x+3|=2x+4
¢) x> =3lxl+2=0 h) |x=1l+|x+2|+|x-3l=14

d) Vx2+6x+9 =[2x—1 Dlbe—1l+2-x[=2x

¢) |x? —4x—5|=4x—17

Bai 2. Gidi cac phuong trinh sau:

a) [4x+7=4x+7 d) |x2 —2x—3| = x2 +]2x +3]
b) [2x—3[=3-2x o) [2x—5l+2x2 = 7x+5/=0
¢) lx—1]+[2x +1/=[3x] Alx+3l+l7-x=10

Bai 3. Giai cac phuong trinh sau:
a) x> —2x+|x—1-1=0 ) x> —2x-5lx-1-5=0
b) x> —2x-5lx-1/+7=0 d) x> +4x+3lx+2/=0
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e) 4x* —4x—2x-1-1=0 f)x® +6x+|x+3+10=0

[ V. PHUONG TRINH CHUA AN DUOI DAU CAN ]

Ciach giai: Dé giai phuong trinh chira an dudi déu cin ta tim cach dé khir ddu can, bang
cach:
— Nang luy thira hai vé.
— Pat an phu.
Chut y: Khi thuc hién cdac phép bién déi can chii ¥ diéu kién dé cdc can duwoc xdac dinh.

JX:B@{BZO \/Xz\/E@{BZO(AZO)

A=RB? A=B

Bai 1. Gidi cac phuong trinh sau:

a) V2x—-3=x-3 b) v5x+10=8—x c) x—V2x-5=4
d) Va2 +x-12=8-x ) Vxl+2x+4=~2-x  DV3x*-9x+1=x-2
2) V3x2 —9x+1=|x—-2| h) Vx? -3x-10=x-2 ) (x=3Wx2+4=x>-9

Bai 2. Gidi cac phuong trinh sau:

a) X2 —6x+9=4Vx*—6x+6 b) \(x—=3)8—x)+26=—x> +11x
©) (x+4)(x+1D)-3x*>+5x+2=6  d) (x+5)2-x)=3x>+3x

e) x> +Vx?+11=31 ) x? —2x+8—4J(4—x)(x+2)=0
Bai 3. Giai cac phuong trinh sau:

a) Vx+1-vx—1=1 b) V3x+7 —Jx+1=2

c) 2 +9-yx?—7=2 d) 32 +5x+8—\3x2 +5x+1=1

) Y1+x +1-vx =2 ) Va2 +x—5+Vx? +8x—4 =5

o) Psx+7-Y5x—13=1 ) 91 +37+x+1=4

Bai 4. Gidi cac phuong trinh sau:
a) Vx+3+v6—x =3+(x+3)(6-x) b) V2x+3+Vx+1=3x+2J2x+3)(x+1)-16
&) Vx—1+3-x=-Jx-DB-x) =1 d) VT-x+2+x-/(7T-x)2+x) =3
&) Vx+1+Vd—x +(x+D@-x)=5 f) V3x—2+Vx—1=4x-9+2y3x> —5x+2

g)l+%\/x—72=x/;+x/a h)\/;+\/9f=\/m
Bai 5. Giai cac phuong trinh sau:

2) V2x—4+242x—5 +42x +4+62x—5 =14

b) Vx+5—dx+1+x+2-20x+1 =1

0) V2x— 2425 —1 —2y2x+3—4\2x—1 + 3 2x +8—632x—1 = 4

Bai 6. Giai cac phuong trinh sau:

a)
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[ VI. PHUONG TRINH CHUA AN &G MAU THUC

J

Cich giai: Khi giai phuong trinh chira 4n & miu thirc, ta phai chu ¥ dén diéu kién xac dinh

ctia phuong trinh (mdu thire khdc 0).

Bai tap: Gidi cac phuong trinh sau:

10 50 x+1 x-1 2x+1
a) 1+ = - + -
x=2 x+3 2-x)(x+3) x+2 x-2 x+1
2_
5 2x+1:x+1 d)x 3x+5:_1
3x+2 x_2 x2_4
9 2x% =5x+2  2x% +x+15 x+3  4x-2
x—1 x=3 (x+1)?  (@2x-1)
o) 3x—1_2x+5+ 4 _5 h) x+3+x—1 _ 2
x=4 x-2 _x?46x-8

x=1  x+3  x242x-3

VIIL. PHUONG TRINH TRUNG PHUONG
ax* +bx’ +c=0 (a #0)

t=x*120

at* +bt+c=0 (2)

2. S6 nghiém cia phuong trinh trung phuong )

bé xac dinh s6 nghiém cua (1) ta dya vao s6 nghiém cuia (2) va dau cua ching.
(2) v6 nghiem

e (1) vo nghiém < |(2) c6 nghiém kép am
(2) c6 2 nghiém dm

. A 2) ¢6 nghiém kép bing 0
1 1 nghiém < ( ' .
* (1) ¢6 1 nghiém {(2) co 1 nghiém bang 0, nghiém con lai am

1. Cach gidi: ax* +bx*+c=0 (1) @{

. A 2) c¢6 nghiém kép duong

1) ¢6 2 ngh ( :

* (1) ¢6 2 nghiém < {(2) co 1 nghiém duong val nghiém am

e (1) c6 3 nghiém < (2) ¢6 1 nghiém bang 0, nghiém con lai duong
o (1) c6 4 nghiém < (2) ¢6 2 nghiém duong phdn biét

3. Mt s6 dang khac vé phwong trinh bac bon
¢ Dang 1: (x+a)x+b)(x+c)x+d)=K,vdi a+b=c+d
-bat r=(x+a)(x+b) = (x+c)x+d)=t—ab+cd

— PT tré thanh: 2 +(cd—ab)t—K =0
e Dang 2: x+a)* +(x+b)* =K
— Pt t=x+i2b:x+a=t+a_b,x+b:t+b_a
— PT tr& thanh: 2t +12a% +2a* —K =0 (mm:%)

e Dang 3: ax* +bx> +ex* +bx+a=0 (a #0) (phuong trinh doi ximg)
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— Vix = 0 khong 12 nghiém nén chia hai vé ctia phwong trinh cho x?, ta duoc:

PT & a[x2+%j+b[xilj+c:0 ()

X X

- Pat t:x+l (hodc tzx—lj Vol |t|22.
x X

—PT(2) r& thanh:  ar®> +bt+c—2a=0 (f=2).

Bai 1. Giai cac phuong trinh sau:

a) x*—3x2-4=0 b) x*—5x2+4=0 ¢) x*+5x°+6=0
d) 3x*+5x>-2=0 e) x*+x2-30=0 D x*+7x>-8=0
Bai 2. Tim m d€ phuong trinh:
1) V6 nghi¢ém i1) C6 1 nghiém iii) C6 2 nghiém
iv) Co 3 nghiém v) C6 4 nghiém
a) x* +(1-2m)x*+m* -1=0 b) x* —@Bm+4)x* +m® =0

¢) x* +8mx* —16m=0
Bai 3. Giai cac phuong trinh sau:

a) (x —D)(x =3)(x +5)(x +7) =297 b) (x+2)(x—3)(x+1)(x+6) =-36
o) x*+(x=D*=97 d) (x+4)* +(x+6)* =2
e) (x+3)*+(x+5)% =16 ) 6x* —35x> +62x2 -35x+6=0

g) x4 —4xP +x+1=0

[ VIII. HE PHUONG TRINH BAC NHAT NHIEU AN ]

1. H¢ phuong trinh bic nhit hai 4n

{alx +hy=c

by (af +b} #0, a; +b; #0)
2 27 "2

Giai va bién luan:

o a b aq b aq <
— Tinh cac dinh thirc: D = , D, .= , Dy = .
a, b, G D 4 &
Xét D Két qua
, D D
D =0 H¢ co nghiém duy nhat szx;y:—y
D=0 Dy #0 hodc Dy #0 | Hé vo nghiém
Dy=D,=10 H¢ c6 vo so nghiém

Chii y: Dé gidi hé phwong trinh bdc nhat hai an ta cé thé ding cdc cach gidi da biét
nhu: phirong phdp thé, phwong phdp cong dai so.

2. H¢ phuong trinh bac nhét nhiéu 4n
Nguyén tic chung dé giai cac hé phuong trinh nhiéu 4n 1a khir bét 4n dé dua vé cac
phuong trinh hay hé phuong trinh c6 sé 4n it hon. Dé khr b6t an, ta ciing ¢ thé dung
cac phuong phap cong dai sO, phuong phap thé nhu dbi voi hé phuong trinh bac nhit hai
an.
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Bai 1. Giai cac hé phuong trinh sau:

Sx—-4y=3 2x+y=11
b
2 {7x—9y:8 ){5x—4y 8
S +2 =16
(\/7+1)x+y J2-1 e) PR
2x-(V2-1)y=212 SEVEE S
2 5
Bai 2. Giai cac hé phuong trinh sau:
1 8 g 1_01 %:1
Xy x—1 y+
a) b)
S 4 5 .3
Xy x—=1 y+2
g [2x-6l3pyri=s o [2P+y]-li-y]=9
5lx—6l-4[y+1]=1 B|x+y|+2x—y|=17
Bai 3. Giai va bién luén cac h¢ phuong trinh sau:
a) mx+(m—-1)y=m+1 b) mx+(m-2)y=>5
2x+my =2 (m+2)x+(m+1)y=2

m+dHx—-(m+2)y=4
9 {(2m—1)x+(m—4)y=m ) {

m
Bai 4. Giai cac hé phuong trinh sau:
3x+y—z=1 x+3y+2z=8
a) 2x—y+2z=5 b) 2x+y+z=6
x—2y-3z=0 3x+y+2z=6
BAI TAP ON CHUONG III

Bai 1.

a) m*x+4m—-3=x+m>
b) 2x%+12x-15m=0

Bai 2.

2 3

a) x“—mx+m+1=0; x, =——=

Bai 3.
1) PT c6 hai nghiém trai dau

i1) PT c6 hai nghiém am phéan biét

(m+Dx-2y=m-1

Giai va bién ludn cac phuong trinh sau:

2

x—y=m2+2m

;_‘

{27

: {sfffi-l

=7

2x y x+3y
=-1

2x-y x+3y

f) 4|x+y|+3|x y|
3|x+y 5|x y|

(¢}

){(m Dx+2y=3m-1

(m+2)x—y=1-m

f) mx+2y=m+1
2x+my=2m+5

x=3y+2z=-7
c) \2x+4y+3z=8

3x+y—z=5

c) > —mx+m—-1=0

d)x2—2(m—2)x+m(m—3):0

Tim m dé phuong trinh c6 mot nghiém xo. Tinh nghiém con lai:

b) 2x2 =3m*x+m=0; xo=1.

Trong cac phuong trinh sau, tim m dé:

iii) PT co6 hai nghiém duong phan biét

iv) PT ¢ hai nghiém phén biét x,,x, thoa: xf + xi

a) x> —2(m—-2)x+m(m-3)=0

¢) X2 =2(m+Dx+m>-2=0

&) m+D)x>+2(m+4)x+m+1=0
Bai4. Trong cac phuong trinh sau, hay:
1) Giai va bién luan phuong trinh.

—0- +2 2 _
=0; x;+x5;=3

b) X2 +2(m—Dx+m> =0
d) (m+2)x* —2(m-Dx+m-2=0

f) x> —4x+m+1=0

ii) Khi phuong trinh ¢6 hai nghiém x,, x,, tim h¢ thic gitta x;, x, doc 1ap v6i m.

Trang 4



a) x> +(m-Dx-m=0

¢) (m+2)x> —2(m-Dx+m-2=0
Bai 5.  Giai cac phuong trinh sau:

a) X +Vx-6=12

¢) V16x+17 = 8x—23

) V3xZ —9x+1+x-2=0
g) (x—3)\/x2——4=x2—9

Bai 6. Gidi cac phuong trinh sau:
a) V4-3v10-3x =x-2

¢) V3x+4—\2x—1=+x+3
e) Vx+2-~2x-3=+3x-5

2) 2Vx+2+2x+1-+x+1=4

Bai7. Gidi cac phuong trinh sau:

a) \/x+2\/x—1 —\/x—Z\/x—l =2

c) i‘/x—\/xz—l +\/x+\/x2— =2
e) X2 +2Vx2-3x+1=3x+4
g) x* —\x?—2x+4=2x-2

b) x> —=2(m—2)x+m(m-3)=0
d) x> —2(m+Dx+m*-2=0

b) 2+ 411231

d) Va2 —2x -8 =3(x—4)
f) V51-2x—x> =1-x

h) Vx+3+1=3x-1

b) \/x—5 +\/x+3 =\/2x+4

d) Va2 Z3x 43 +4x% —3x+6=3
f) V3x—3-~/5-x =+2x—4

) Vatl-1=yx—vx+8

b) \/x+2\/x—1 +\/x—2\/x—1 = x+3

2
d) x?—x—-\x?-x+13=7

f) 2x% +3V2x2 +x+1=9—x

h) 2x% +5Vx? +3x+5=23-6x

) ” CHUGNG 1A%
BAT PANG THUC VA BAT PHUONG TRINH
[ I. BAT PANG THUC
1. Tinh chat
Picu kién Noi dung
a<boa+c<b+c (1)
c>0 a<b<ac<be (2a)
c<0 a<b&ac> be (2b)
a<bvic<d=a+c<b+d 3)
a>0,¢c>0 a<bviac<d=ac<bd (4)
) a<b gl < pntl (5a)
n nguyén dwong O<a<b—a < b (5b)
a>0 a<beNa<b (6a)
a<beJa<p (6b)

2. Mt s6 bat dang thirc théng dung

a) a’>0, Va.

a’> +b>>2ab.
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b) Bit ding thirc Co-si:

L .. a+b A w_m o2
+Voéia, b >0,taco: TZ\/ab. Dau "="xayra < a = b.

+Voia, b, c 20, taco: %MZ%. Dau"="xayra<a=b =c.
Héqud:—Nefux,y >0co6S=x +ykh6ngf2’5ithiP =xy lon nhd{@x =y.
. —Neéux,y>0c6P=xykhong doi thi S = x + y nho nhat <x = .
c¢) Bat dang thirc vé gia tri tuyét doi
Picu Kkién Noi dung
x>0,

|x|£a<:>—a£x£a

x|2x, x|2—x

x<—a

|x|2a<:>{
xza

lal =[] <la-+ bl > lal +[2]

d) Bit diang thirc vé cic canh ciia tam giac
Vi a, b, c 1a 89 dai cac canh ciia mot tam giac, ta co:
+a, b, c>0.
+ |a—b|<c<a+b; |b—c|<a<b+c; |C—a|<b<c+a.
e) Bit ding thirc Bu—nhia—cop—xki
Véia, b x,y € R, tach: (ax+by) <(a® +b*)(x> +y*). Dau "=" xdy ra < ay = bx.

VAN DE 1: Chitng minh BDT dua vao dinh nghia va tinh chit co ban

o Dé chirng minh mot BPT ta co thé sir dung cdc cach sau:

— Bién déi BPT can chirng minh twong dwong véi mot BPT dd biét.

— Sur dung mot BPT da biét, bién doi dé dan dén BPT can chirng minh.
e Mot s6 BPT thuong ding:

+A*>0  + A*+B*>0 + AB>0 v6i A, B >0. + A+ B*>2AB
Chu y:

— Trong qud trinh bién doi, ta thwong chii y dén cac hang ddng thirc.

— Khi chitng minh BPT ta thwong tim diéu kién dé dau dang thire xay ra. Khi dé ta c6
thé tim GTLN, GTNN ctia biéu thirc.

Bai 1. Choa, b, ¢, d, e € R. Chimg minh cac bat dang thirc sau:

a) a’+b*+c*>ab+bc+ca b) a>+b>+1>ab+a+b

c) a2+b2+02+322(a+b+c) d) a*+b* +c? >2(ab+bc —ca)
2

e) at +b* +c? +122a(ab* —a+c+1) f) %+b2+c2 > ab—ac +2bc

g) A>(1+b)+b*A+cH)+c*(1+a*)>6abc  h)
a2+b2+c2+d2+e22a(b+c+d+e)

i)l+l+lz ! + ! + !
a b c \/E \/E \/;

k) a+b+c2@+\/ﬁ+ ca voia, b, c=>0

HD: a) < (a—b)* +(b—c)* +(c—a)* 20 b) = (a—b)P? +(a-1)>+b-1%20

o) = (@-1D>+b-17>+-1)>=0 d) < (a-b+c)* >0

voia, b,c>0
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2
e) = (@ - +@a-c)P+@-1">0 fHe [g—(b—c)j >0

g2) < (a—bc) +(b-ca)* +(c—ab)* >0
(5] e o) 5
B IR e e
B e (Vab) +(b-e) +(Ve—va) 20

Bai 2. Cho a, b, ¢ € R. Chimg minh cac bat dang thirc sau:

3,33 3
a) & ;b z(“;bj voia, b> 0 b) a* +b* > b+ ab’
c)a4+324a d)a3+b3+c323abc,véia,b,c>0.
6 6
o a*+b* <+l vsia b0 pt b o2 siaba,
p? &P l+a*> 1+b* l+ab
2
o) 4 3 h) (@ +b)a+b)=(a* +b)(a* +b%); véiab > 0.
\/a2+2
HD: a) @%(a+b)(a—b)220 b) & (@’ —b*)a-b)20

¢) = (a-1)*(@*+2a+3)>0
d) Sir dung hang ding thirc a® +b° = (a+b)> —3a*b—3ab*.
BDT@(a+b+c)[a2+b2+02—(ab+bc+caﬂ20.

(b—a)*(ab—1)
(1+ab)(1+a*)(1+b*)
g < @+1)>>0 ) & ab(a—b)(a® —b)>0.

Bai 3. Cho g, b, ¢, d € R. Chiing minh ring a® +b* >2ab (1). Ap dung chimg minh cac bét
dang thuc sau:

a) a* +b* +c* +d* > dabed b) (@ +1)(b* +1)(c? +1) = 8abc
¢) (@ +4) (b +4)(c? +4)(d* +4) > 256abcd
HD: a) a* +b* 22a%b%; ? +d* 222d? ; a*b* +2d? = 2abed

b) a*+122a; b*> +122b; > +122¢

¢) a®+4>4ab> +4>4b;c* +4>4c;d* +4>4d

e) = (@’ -b*) a* +a*b* +b*) 20 >0

Bai 4. Cho g, b, ¢ € R. Ching minh bat dang thirc: a®+b*+c? >ab+be+ca (1). Ap dung
chung minh céc bat dang thirc sau:

a> + b +c? >(a+b+cj2
3 B 3

c) (a+b+c)2 >3(ab+ bc+ca) d) at+b*+c* >abc(a+b+c)

a) (a+b+c) <3(a*+b*+c?) b)

Trang 3



€) a+]39+c 2\/@ v6i a,b,c>0. ) a* +b* +c* > abc nbu a+b+c=1

HD: < (a—b)* +(b—c)> +(c—a)* >0.

a) Khai trién, rit gon, dua vé (1) b, ¢) Vindung a)
d) St dung (1) hai lan e) Binh phwong 2 ve, sir dung (1)
) Sudung d)

VAN DE 2: Chitng minh BDPT dua vao BT Co-si

1. Bit ding thirc Cé—si:
.. , a+b £ ,
+ Voia, b =0, ta co: TZ vab. Ddu "="xdyra < a = b.

at+b+c

+ Voia, b, c 20, ta co: >3Jabc . Diu "= "xayra <a=b=c.

2 3
2. H¢ qua: +(a;—bj >ab +(a+§+cj > abc

3. Ung dung tim GTLN, GTNN:
+ Néux, y>0céS=x+ykhéng doi thi P = xy Iém nhdt <x =y.
+ Néux, y> 0cé P =xykhong déi thi S = x + y nho nhat <x = y.

Bail. Choa, b, ¢ >0. Ching minh cic bat dang thuc sau:
a) (a+b)(b+c)(c+a)>8abc b) (a+b+c)a* +b* +c)>9abc
3
o) (A+a)1+b)1+¢) = (1+3abe) d) ﬁ+%+@2a+b+c;véi a b c>0.
a C
) a*(1+b?)+b* 1+ +c*(1+d?) = 6abc
ab bc ca _a+b+c
+ + <
a+b b+c c+a

;voia, b, c> 0.

g) a . b + Zé;véia,b,c>0.
b+c c+a a+b 2

Bai 2. Cho a, b, ¢ > 0. Ching minh cac bat dang thirc sau:
a) (a3 +b +c3)(l+l+lj 2(a+b+c)2
a b c

b) 3@+ + )2 (a+b+o)d® +b*+c%) o) WP +bh +P)>(a+b+c)
4
+b

Bai 3. Cho a, b > 0. Chling minh l+% > (1). Ap dung chimg minh cac BDT sau:
a a

a) l_,_l_,_lzz( ! + ! + ! j;vc’ria,b,c>0.
a b c a+b b+c c+a
1 + 1 + ! 22( ! + ! + ! j;vc’ria,b,c>0.
a+b b+c c+a 2a+b+c a+2b+c a+b+2c

c)Cho a, b, ¢ > 0 thoa l+l+l:4.Chl’l’ngminh: ! + ! + ! <1
a b c 2a+b+c a+2b+c a+b+2c
d) ab + be - Sa+b+c;véia,b,c>0.
a+b b+c c+a 2
xs , o111 9
Bai 4. Cho a, b, ¢ > 0. Chung minh —+—+—2>
a ¢ a+b+c
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Bai 5. Ap dung BDT Co-si dé tim GTNN cuia cac biéu thirc sau:

x 18 X 2
a) y=—+—; x>0. b) y=—4+—; x>1.
) r=5t VY=t
3x 1 X 1
) y=—+—;x>-1. d y=—+ X > —
)y 2 x+1 ) 3 2x-1 2
3
e)y=i+§;0<x<l f)y:x +1;x>0
l-x x x2
2
g)y=—x +4er4;X>0 h)y=x2+i;x>0
X _x3
Bai 6. Ap dung BDT Co-si dé tim GTLN cua céc biéu thic sau:
a) y=(x+3)(5—-x); -3<x<5 b) y=x(6—-x); 0<x<6
c) y=(x+3)(5-2x); —3Sx£§ d) y=Q2x+5(5-x); —gﬁxSS
1 5 X
e) y=(6x+3)(5-2x); ——<x<= f) y= ;x>0
2 2 x2+2

VAN BE 3: Chitng minh BPT dua vao BPT Bu—nhia—cop—xki (doc thém)

1. Bit ding thive Bu—nhia—cop—xki: (B)
eVéia b, x,y eR, tacod: (ax+ by)2 < (a2 +b? )()c2 + yz) . Dau "=" x4y ra < ay = bx.
eVoia b, c x v, z €R,taco: (ax+by+cz)2 < (a2 +b? +c2)(x2 +y2 +22)

H¢ qua:
o (a+b)* <2(a” +b%) o (a+b+c)” <3(a* +b*+c?)

Bai1. Chung minh cac bat dang thirc sau:
a) 3a* +4b* >7,v6i 3a+4b=7 b) 3a* +5b° 2%375, v6i 2a-3b=17

c)7a2+11b22%64,v6i3a—5b:8 d)a2+b22%,véia+2b:2

e) 2a*> +3b> >5,v6i 2a+3b=5 ) (x=2y+1)> +(2x—4y+5)* z%

HD: a) Ap dung BDT (B) cho 4 56 \J3,N4,\3a,\4b.
b) Ap dung BDT (B) cho 4 56 —= ——— \P3a~l5b.

B

, .3 5
¢) Ap dung BPT (B) cho 4 56 —=,——2 J7a,\11b.

NCARNT!

d) Ap dung BPT (B) cho 4 56 1,2,a,b.

e) A}? dung BDT (B) cho 4 56 \/E,\/g,\/ga,\/gb.

fHPata=x-2y+1,b=2x—4y+5, tacé: 2a—b=-3vi BDT < a° +b> z%
Ap dung BPT (B) cho 4 56 2; —1; a; b ta dwoc dpcm.

Bai2. Chung minh cac bat dang thirc sau:
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a) a2+b22%,véia+b21. b) a3+b32i,véia+b21.

1. .
c) a4+b42§,vé'1a+b21. d) a*+b*>2,v6i a+b=2.

HD: a) 1<(la+1b)? <(1® +13)(a® + b*) = dpcm.

b) atb>1=b>1-a=b>>(1-a)’ =1-3a+3d* -a

2
=b+ad Z?{a—l) +121.
2 4 4

3

o) 12 +1%)a* +bH) > (a® +b*)? zi = dpem.

d) (P+12)a*+b>)>(a+b)’ =4 = d*> +b* >2.
P41 @+ =2 (@ +p*)? 24 = a* 1t 22
Bai3. Choyx, y, zlabasoduongva x+y+z=1.Tim gia tri Ién nhat cua bicu thirc:
P=\/1—x+\/l—y+\/1—z.
HD: Ap dung BDT (B), ta c6: P <~1+1+1J1-x)+(1-y+(1-2) <6
1

Dau "="xdyra < 1-x=1-y=1-z @xzyzzz;.

Vay Max P = 6 khi x=y=z—%
Bai4. Chox, y, z1abasd duong va x+y+z<1.Chimg minh rang:

[t ot JZ T

HD: Ap dung BPT (B), ta co:

2
[xz ](12+92)>[x+9j EN x2+izL(x+2j (1)
x x N A"

. 1 1 9 2 1 1 9
Twong ty ta co: y2+—2—(y+—] (2), z +—2—[Z+_j (3)
SRV VAN Vo2 V2l oz

Tw (1), (2), (3) suy ra:
P>T{(x+y+z)+9(§+§+%ﬂ = %{(x+y+z)+é[%+§+%j+%[%+%+%ﬂ
1 1 1) 8 9
—t = |+ >
\/7{ \/(x+y+z)(x+y+zj+ 9 'X+y+Z] >/82.

e ) 1
Ddu "="xdyra < x=y=z7=—

Bai5. Choa b c2> —i thod a+b+c =1. Chiing minh:

(@)) (2)
7 <Nda+1+ab+1+ac+1 <21.

HD: Ap dung BPT (B) cho 6 s6: 1:1;1;\4a+ 1:N4b +1:/dc +1 = (2).

Chii p: \Jx+y+2 <~x ++/y +\z. Ddu "="xiy ra &x =y =z=0. Tir dé = (1)
Bai6. Chox, y> 0. Tim GTNN cua céac biéu thirc sau:
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a)A=i+L,Vé'ix+y=l b)B=x+y,Vc'7i%+§=6
x 4y Xy

HD: a) Chii y: A = [2sz [sz

Ap dung BPT (B) véi 4 s6: \/7 \/_ [ ; ta dwoc:

%5
%(&%w-ﬁJ sceen( b

1
Dadu "="xdy ra < x = —.

i =l VaymmA—ékhzxzi =
5 5 4 5 5
2

2
b Chi 5 z+é:( z} [ z] |
y X y
, re X 2 3
Ap dung BDT (B) vdi 4 so: \/;; \/;; \/:; \/: ta duoc:

<x+y)(§ Nf[ (ﬂ (B3] > ees wm?

23+3\5. 231342 inB:(\E+\B)
o T en Y 6

Bai7. Tim GTLN cua céc biéu thirc sau:
a) A=xyl+y+yJl+x,voimoix, ythod x* +y” =1.

HD: a) Chu y: |x+y|S\/2(x2 +y2) Z\/E.
A +y) 1y +14x) =ty +2 542442
V2

5

Dau "="xayra < x =

Déu "="xdyra < x=y=

Bai8. Tim GTLN, GTNN cua céac biéu thirc sau:

a) A=V7—-x+V2+x,v01-2<x<7 b) B=6Vx—1+8V3—x,véil<x<3

2 2

) C=y—2x+5,v6i 3632 +16y2 =9 d) D=2x—y—-2, véi %+%:1.

HD: a) e A _<\/(12+12)(7—x+x+2) =32 Déu "="xay ra < ng

e A>\(7T-x)+(x+2)=3. Ddu "="xdy ra <x = -2 hodc x = 7.

= maxAd = 3\/§khix:§; mind = 3 khix = -2 hodcx = 7.

43
25

0326\/(x—1)+(3—x)+2\/3—x > 6\/5.Ddu "="xay ra <x = 3.

= maxB = 10\/7kh1x = 32

b)oB<\/(62+82)(x 143—x) = 1082 . Ddu "="xdy ra <>x = —

minB = 6\/5 khix = 3.

Trang 7



¢) Chii y: 36x> +16y% = (6x)* +(4y)>. Tir dé: y—2x =i.4y—%.6x.

I 1) 2 . o\ 5
<L —+= |116y” +36x7 ) =—
\/(16 9j( v +36:%) 4

= |y—2x| =‘l.4y—l.6x

4 3
:,>—§Sy—2xS§ = ESC=y—2x+5S2—5.
4 4 4 4
:)minC:Ekhing,yz—i; maszgkhix:—%,yzi.
4 5 20 4 5 20
2 2
, , X y 1 2 2 N , 2 1
d) Chuy: —+—=—\(CBx)"+(2 Twdo: 2x—y=—3x—=2y.
) Vit 36(() (2y) y=3 52y

2 5oLl £ (o vay?) 5

= 5L2x-y<5 = -T7<D=2x—-y—-2<3.

= |2x—y| =‘%.3x—l.2y

:,>minD=—7khix=—§,y=2; maxD=3khix=§,y=—2.
575 5 5
II. BAT PHUONG TRINH VA HE BAT PHUONG TRINH
BAC NHAT MOT AN
1. Giai va bi¢n luin bt phwong trinh dang ax + b < 0
Picu kién Két qua tip nghiém
a>0 S= (—oo;—éj
a
a<yo S= (—é;+ooj
a
Y0 b0 S=0
b<0 S=R

2. H¢ bit phuwong trinh bac nhit mét 4n
Muén gidi hé bat phirong trinh bdc nhdt mét dn ta gidi ting bat phwong trinh ciia hé roi
Idy giao cdc tdp nghiém thu duoc.

3. Diu ciia nhij thirc bic nhit

fx) =ax+b (a=0)
X e (—oo;—éj a.f(x) <0
a
( ; j
X €| ——;+© a.f(x) >0
a

VAN BE 1: Giai va bi¢n luin bat phwong trinh dang ax + b <0

Bai 18. Giai cic bat phuong trinh sau:
a) _zx+%>@ by 3- 22t 042
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0 5(x—1)_1<2(x+1) d) 2+3(x+1)<3_x—1
6 3 8 4
Bai19. Giai va bién lun cac bat phuong trinh sau:
a) m(x—m)<x—1 b) mx+6>2x+3m
¢) (m+Dx+m<3m+4 d) mx+1>m? +x
g x=2) x-m x+l £) 3—mx <2(x —m)—(m+1)*

6 3 2
Bai 20. Tim m dé cac bat phuong trinh sau v6 nghiém:

a) m’x+4m-3<x+m? b) m2x+12m+(3m—2)x

c) mx—m?> >mx—4 d) 3—mx<2()c—m)—(m+l)2
VAN DE 2: Giai hé bat phwong trinh bic nhat mgt in

Bai1.  Giai cac hé bat phuong trinh sau:

8x—5>15x2_8 5 43 %—12x£x+%
a) b) c)
2(2x-3)>5x-> 3XH8 x5 -3 2-x
4 2 3
Toysd 112_x22x—5 15x—2>2x+§
d) e) f)
2x—9<19+x 2(3x+1)2)€—8 z(x_4)<3x—14
3 2
2x—-3 3x+1 3x—1 3(x-2) 5-3x
< - -1>
) 4 5 h) 4 8 2 ; 3x+122x+7
& 5 o x 4x-1_ x-1 4-5x 4x+3>2x+19
3x+—<8—— 3— > —
2 3 18 12 9
Bai2. Tim cac nghiém nguyén cia cac hé bat phuong trinh sau:
6x+§>4x+7 15x—2>2x+%
a) b)
8x+3 oxios 2(x—dy<2X14
Bai3. Xac dinh m dé hé bat phuong trinh sau ¢ nghiém:
2) x+m-1>0 b) x—1>0 0 x+4m? <2mx +1
3m-2-x>0 mx—3>0 3x+2>2x-1
d) Tx—-22-4x+19 e) mx—1>0
2x-3m+2<0 Bm-2)x—-m>0

VAN DE 3: Bét phwong trinh qui vé bat phwong trinh bic nhit mét in

1. Biit phwong trinh tich
eDang: P(x).Qkx)>0 (1) (trong d6 P(x), O(x) la nhitng nhi thirc bdc nhat.)
o Cdch gidi: Lap bang xét dau ciia P(x).Q(x). Tir d6 suy ra tdp nghiém cia (1).

2. Bit phwong trinh chira dn ¢ mau

P(x)

00 >0 (2) (trong d6 P(x), O(x) la nhitng nhi thirc bdc nhat.)
X

e Dang:

P(x)

X

e Cdch gidi: Lap bang xét dau ciia . Twr do suy ra tap nghiém cua (2).
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Chii y: Khéng nén qui dong va khir mau.

3. Bit phwong trinh chita dn trong diu GTTD
e Twong tw nhw gidi phwong trinh chita dn trong dau GTTP, ta thwong sir dung dinh
nghia hodc tinh chat ciia GTTD dé khir ddu GTTP.

eDang 1: |Al<B<-B<A<B
A>B

Dang 2:

e Dang |A|>B<:>[A<_B

Bai 1. Giai cac bat phuong trinh sau:

a) (x+D)(x—1)(3x—-6)>0 b) 2x—T)(4-5x)>0 ) x2 —x=20>2(x—11)
d) 3x2x+7)(9-3x) =0 e) X +8x2+17x+10<0 ) X +6x> +11x+6>0
Bai 2. Giai cic bat phuong trinh sau:
2) (2)6—5)(x+2)>O b) x—3>x+5 0 x—3<1—2x
—4x+3 x+1 x-2 x+5 x-3
d) 3x—4>1 o 2x—52_1 f 2 < 5
x—-2 2—x x—1 2x-1
— 2 —
o) 4 < 3 h) 2x +x21_x i) 2x 5<3x+2
3x+1 2-x 1-2x 3x+2 2x-5
Bai 3. Giai cac bat phuong trinh sau:
a) Bx—2|>7 b) |5x-12/<3 ) [2x-8/<7
@) 3 +1523 ) [x—1l> 2= D lr-2l<3
o) 2x-5l<x+1 h) 2x+1 < x i) lx-2/>x+1

[ III. BAT PHUONG TRINH BAC HAI )
1. Déu ctia tam thire bac hai
f(x) = ax’ +bx+c (a #0)
A<0 af(x) >0, Vx eR
A=0 a.fx) > 0, VxeR\{—i}
2a
A> 0 aftx) >0, Vx € (—0; x1) U (x2; to)
a.fx) <0, Vx € (x1; x2)

a>0
A<0

a<0
A<0

Nhdn xét: o ax* +bx+c>0,YxeR <:>{

Oax2+bx+c<0,VxeR <:>{

2. Bt phwong trinh bac hai mét 4n ax? + bx+c¢ >0 (hodc > 0; < 0; < 0)
beé giai BPT bac hai ta ap dung dinh li vé dau cta tam thtic bac hai.

VAN DE 1: Giai bAt phuwong trinh, hé bat phwong trinh bic hai mét 4n
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Bai 1. Xét dau cac biéu thurc sau:

a) 3x> —2x+1 b) —x> +4x+5 ¢) —4x> +12x-9
d) 3x*-2x-8 ) —x*+2x—1 ) 2x° —7x+5
2 2
2) (3x2 —10x+3)(4x—5) h) Bx? —dx)2x’—x—1) i) O —PC=xXT)
) 4x% +x-3
Bai 2. Giai cac bat phuong trinh sau:
a) 2x> —5x+2<0 b) —=5x2+4x+12<0 ¢) 16x2 +40x+25> 0
d) 2x>+3x-720 e) 3x° —4x+4>0 ) x>-x-6<0
a2 2 _ 2 _
3x x+4>0 h)4x +3x 1>0 i)5x +3x 8<0
x> +3x+5 x2+5x+7 x> —Tx+6

Bai 3. Giai va bién luin cac bt phuong trinh sau:
a) x> —mx+m+3>0 b) (l+m)x2—2mx+2mS0 c) mx* —2x+4>0
HD: Gidi va bién ludn BPT bdc hai, ta tién hanh nhw sau:
— Ldp bdng xét dau chung cho a va A,
— Dya vao bdang xét déu, bién lugn nghiém cua BPT.
Bai 4. Giai cac hé bat phuong trinh sau:

2x249x+7>0 2x>+x-6>0 2x?-5x+4<0
a) 17, b C)

¥ +x-6<0 3x2—10x+3>0 x> -3x+10>0
x> +4x+3>0 5 )
d) 12x% —x=10<0 e {—;c +4x-7<0 ) {x2+x+5<0
%2 —5x+3>0 x"=2x-120 X" —=6x+1>0
x> —2x-7 1 x2-2x-2 10x2 -3x-2
g) 4< =TT h) — <= =2~ <q ) —l<——2" "1
2 +1 13 x2_5x+7 —x?4+3x-2

VAN DE 2: Phwong trinh bic hai — Tam thirc bac hai

Bai 1. Tim m dé cac phuong trinh sau: i) c6 nghiém i1) vO nghiém
a) (m—5)x> —4mx+m—-2=0 b) (m—2)x* +2Q2m—-3)x+5m—6=0
¢) G=m)x> -2(m+3)x+m+2=0  d) A+m)x*—2mx+2m=0
e) (m—2)x27—4mx’+2m—6 =0 D) (—m? +2m—-3)x> +2(2-3m)x-3=0
Bai 2. Tim m d¢€ céc bat phuong trinh sau nghi¢m ding voi moi x:
a) 3x2+2(m—1)x+m+4>0 b) x2+(m+1)x+2m+7>0
) 2x° +(m—-2)x—m+4>0 d) mx* +(m-Dx+m—-1<0

e) (m—1)x*> =2(m+Dx+3(m-2)>0 ‘3(m+6)x2 —-3(m+3)x+2m-3|>3
Bai 3. Tim m dé cac bat phuong trinh sau v nghiém:

a) (m+2)x>—2(m-Dx+4<0 b) (m—3)x> +(m+2)x—4>0

¢) (m* +2m-3)x*> +2(m-Dx+1<0  d) mx*> +2(m—-1)x+4>0

e) G=—m)x> -22m-5)x-2m+5>0 ) mx*> —4(m+)x+m—-5<0

VAN DE 3: Phuong trinh — Bit phwong trinh qui vé bac hai

1. Phuong trinh — Bit phwong trinh chira dn trong glti'u GTTD
bé giai phuong trinh, bat phwong trinh chita dn trong dau GTTD, ta thuong sur dung
dinh nghia hodc tinh chat cua GTTD dé khw dau GTTD.
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>
¢ |B=20 ¢, {ﬁ;g

el W=poilah S 15,
A=-B
_ _ A=B
e Dang 2. |A|_|B|<:{A:—B
e Dang 3: lAl<B<-B<A<B
) A<-B
® Dang 4. |A|>B<:>[A>B .

2. Phwong trinh — Bit phwong trinh chira dn trong diu cin

Pé gidai phiwong trinh, bat phwong trinh chita dn trong dau can ta thuong ding phép

ndng luy thira hodc dat an phu dé khir dau can.

B>
e Dang I: \/Z:BQ{ 02
A=B
e Dang 2: Ja=JB o A >0 (hodc B>0)
A=B
A>0
* Dang 3: JA<B&1B>0
A<B?
B<0
A>0
e Dang 4:

B>0
A> B?

\/Z>B@{

Bai 1. Gidi cac phuong trinh sau:

a) |x2—5x+4|=x2+6x+5 b) |x2—l|=x2—2x+8

d) 2|x|-]x-3/=3 o) lx2 —1 =1

Bai 2. Giai cic bat phuong trinh sau:
a) 2x> —|5x-3l<0
d) |x2 +4x+3| > |x2 —4x—5|

b) x—8>|x2+3x—4|
e) lx=3|-lx+1<2
<1 h) 2x—_5+1>0

|x 3|
b) V5x+10=8—x
e) V3x2 —9x+1=x-2

h) V2 +9-\x2-7=2

x> —dx

X2+ x+2

Bai 3. Gidi cac phuong trinh sau:

a) V2x—-3=x-3
d) Vx? +2x+4 =+2—x

g) V3x+7—-vx+1=2

Bai 4. Giai cac phuong trinh sau: (ndng luy thira)

g)

a) Yx+5+Ax+6=2x+11  b) Yx+1+3x+1=3x—1

Trang 12

o) 2-3x2|-l6-x2| =0
x2—1+|x+1|
R e

g Ixl(x-2)

c) |x2—1|—2x<0

f) |x2—3x+2|+x2>2x

i) ﬂ23
x*—5x+6

c) x—V2x-5=4

) V3x% —9x+1=|x-2|

5 V21+x+421-x 21
V21+x-21-x X

o) Y+vx +31-x =2




d) %/x+1 +%/x+2 +%/x+3 =0
Bai 5. Giai cac phuong trinh sau: (hién doi biéu thire duwdi cdn)

a) Vx—24v2xr—5 +\x+2+32x—5 =2
b) \/x+5—4\/x+1 +\/x+2—2\/x+1 =1
c) \/2x—2\/2x— —2\/2x+3—4\/2x—1 +3\/2x+8—6\/2x— =4

Bai 6. Giai cac phwong trinh sau: (ddt dn phu)

a) x> —6x+9=4Vx>—6x+6 b) (x+4)(x+1)=3Vx? +5x+2=6
) (x=3)%> +3x—22=~x>=3x+7 d) Jx+D(x+2) =x>+3x—4

Bai 7. Giai cac phuong trinh sau: (dat hai an phu)
a) V3x2 4554832 45x41=1  b) Px+7-Ysx-13=1

) Jo-Vir1+¥7+Vx+1-4 d) Y24 +x ~Y544x =1

Bai 8. Giai cac bat phuong trinh sau:

a) Va2 +x-12<8-x b) VxZ—x-12<7-x c) V=x?—4x+21 <x+3
d) Vx2-3x-10>x-2 e) V3xZ+13x+4>x-2 ) \2x+V6x>+1>x+1

) Vx+3-vT7-x>2x-8  h)2-x>+T-x-v-3-2x i) 2x+3+/x+2<1
Bai 9. Giai cac bat phuong trinh sau:

a) 4/(x—3)8—x)+26> —x? +11x b) (x+5)(x—2)+3+/x(x+3) >0

©) (x+D)(x+4)<5vVx> +5x+28 d) a2 15547322 4554221

Bai 10. Giai cac bat phuong trinh sau:

Vx? —4x V=2x%—15x+17 .

a) ———— <2 b) 0
3—x x+3
\/—x2+x+6 \/—x2+x+6
¢) (x+3Wx2—4<x*-9 d) >
2x+5 x+4

Bai 11. Giai cac bat phuong trinh sau:

a) x+2<3x>+8 b) Y222 4123322 -1 ) Yx+1>x-3

CHUONG V
THONG KE

I. Mt s6 khai niém
o Mot tap con hitu han cac don vi diéu tra dgl mot mau.
e S6 phan tir cia mot mau dgl kich thwéc miu.
e Cac gia tri cia déu hiéu thu dugc trén miu dgl mot mau ) liéu.
IL. Trinh bay mdt miu s6 liéu
e Tén s6 ctia mot giatrila s6 1an xuét hién ctia mdi gia tri trong mau sb liéu.
e Tén suit f; ctagiatri x; lati s giira tan 6 n; va kich thuge mau N:
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i

n .y ,
fi = ﬁ (thuwong viet tan suat dwoi dang %)

e Bing phin b6 tin s6 — tin suat e Bing phin b6 tin s6 — tin suit ghép 16p
Giatri | Tansd | Tan suat (%) Lop Tan s6 Tan suat (%)
X1 n; fi [x1, x2) n; fi
X2 n 12 [x2, x3) n J2)
Xk Nk fi [Xk, Xk+1) Nk fr
N 100 (%) N 100 (%)

I11. Biéu do
e Biéu dd hinh cjt e Bi¢u d6 hinh quat e DPuong gip khiic
IV. Cac s6 dic trung ciia miu sd liéu
1. S6 trung binh
e V&i mau sb liu kich thude N 1a {xl,xz,...,xN} :

_ N Xy ety
N
e V&i mau so liéu duge cho bdi bang phan bo tan so:

=

_ X Xy e Xy
N
e V&i mau so li€u duge cho bdi bang phan bo tan so ghép 16p:

=

nC) + 1,0y +.+ 10
N

X =

(ci la gid tri dai dién cua lop thi

i)
2. S6 trung vi
Gia st ta c6 mot mflu gom N s6 lidu duoc sap xép theo thu ty khong giam (hodc
khong tang). Khi d6 s6 trung vi Me la:
— S6 dung gitra néu N 1¢;
— Trung binh cong ciia hai s6 dimg gitra néu N chin.

3. Mot
Mot cua mot bang phéan b6 tan s6 1a gia tri ¢6 tan s6 16n nhat va dugc ki higu 1a M,
Chuy: — So trung binh cua mau so liéu dwoc dung lam dai dién cho cdc so liéu cua
mau.

— Néu cdc s6 liéu trong mau c6 sw chénh léch quda I6m thi ding sé trung vi lam
dai dién cho céc sé liéu cia mau.
— Néu quan tam dén giad tri co tan s6 1ém nhat thi dung mot lam dai dién. Mot
mau s6 liéu cé thé ¢é nhiéu mot.
4. Phuwrong sai va d léch chuin
Dé do mic do chénh léch (d9 phan tin) giita cac gia tri ciia mau s6 liéu so vai s6

trung binh ta dung phwong sai 52 va dd 1éch chuin 5=+ 52
o Vi mau s6 lidu kich thuoe N 1a {x;,x,.....x, }:

Y ) 2_#&}

¢ V41 mau so liéu dugce cho boi bang phan bo tan so, tan suat:
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2
1 ¢ ECTN (LR .
S R =

i=1

k ) k 2
Sre -y (zm}
i=1 i=1

e Véi méu s6 liéu duoc cho boi bang phan bd tan sd, tan sudt ghép 16p:

2
k
z—Zn(c —x) z—ch —L( nl.cl)
N?

l 1 i=1

2
=Zf,-<c,- —x)? =Zﬁ-c?—(2ﬁci]
i=1 i=1 i=1

(ci, mi, fi la gid tri dai dién, tan 6, tan sudt cia l6p thir I;
N la s6 cac so ligu thongké N = n +n, +...+n;)

Chii y: Phwong sai va dé léch chuan cang 16m thi dg phan tan (so voi sé trung binh) ciia
cdc 50 liéu thong ké cang lon.

Bai 21. Trong cic mau sd liéu dudi day:

i) Cho biét ddu hiéu va don vi diéu tra 1a gi? Kich thudc miu 13 bao nhiéu?

i) Lap bang phan bo tan 50, tan suat. Nhan xét.

iii) V& bleu d6 tan sb, tan sut.

iv) Tinh s6 trung binh, s6 trung vi, mot.

v) Tinh phuong sai va d6 1éch chuan. Nhan xét.

1) Tubi tho cta 30 bong dén dugc thip thi (don vi: gio)

1180 1150 : 1190 1170 1180 : 1170 1160 1170 1160 1150
1190 . 1180 : 1170 = 1170 1170 : 1190 1170 1170 1170 1180
1170 1160 1160 @ 1160 1170 | 1160 1180 1180 1150 1170
2) Ning suat lia hé thu (fa/ha) nam 1998 cta 31 tinh
30 30 25 25 35 45 40 40 35 45
25 45 30 30 30 40 30 25 45 45
35 35 30 40 40 40 35 35 35 35 35
3) S6 con cuia 40 gia dinh & huyén A.

2 4 3 2 0 2 2 3 4 5
2 2 5 2 1 2 2 2 3 2
5 2 7 3 4 2 2 2 3 2
3 5 2 1 2 4 4 3 4 3

4) bién nang tiéu thu trong mét thang (kKW/h) cua 30 gia dinh & mdt khu pho A.
165 85 65 65 70 50 45 100 45 100
100 | 100 100 = 90 53 70 141 @ 42 50 | 150
40 70 84 59 75 57 133 | 45 65 75
5) Sb hoc sinh gioi ctia 30 16p & mot truong THPT.

0 2 1 0.0 3 0 O 1 1 0 1 6 6 0

1 5 2 4 5 1 0 1 2:4 0 3 3 1 0
6) Nhiét do ctia 24 tinh, thanh phd ¢ Viét Nam vao mot ngay cua thang 7 (don vi: do)
36 30 31 32 31 40 37 20 41 37 35 @ 34
34 35 32 33 35 33 33 31 34 34 32 35
6) Toc do (km/h) ciia 30 chiéc xe motd ghi & modt tram kiém soat giao thong.
40 58 60 75 45 70 60 49 60 75
52 41 70 65 60 42 80 65 58 55
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65 75 40 55 68 70 52 55 60 70
7) Két qua diém thi mén Vin ciia hai 16p 10A, 10B & mot trudng THPT.
Lép10A | Piémthi | 5 [ 6| 7 | 8 | 9| 10 | Cong
Tansd [ 1 [ 9|12 14 [1] 3 40
Lop 10B | Piémthi [6 |7 |8 |9 |Cong
Tan sb 8 |18 |10 |4 |40
8) Tién lwong hang thang ciia 30 cong nhan & mot xudng may.
Tién luong | 300 | 500 | 700 | 800 | 900 | 1000 | Céng
Tan s0 3 5 6 5 6 5 30

9) Mt nha nghién ctru ghi lai tudi cua 30 bénh nhan mac bénh dau mat hét.

21 17 22 18 20 17 15 13 15 20 15 12 18 17 25
17 21 15 12 18 (16 23 14 18 19 13 16 19 18 17
10) Nang suét la (don vi: ta/ha) cta 120 thira rudng & mot canh dong.
Ningsuat | 30 | 32 | 34 | 36 | 38 | 40 | 42 | 44
Tans6 | 10 | 20 [ 30 | 15| 10 | 10 | 5 | 20
Bai 22. Trong cic méu s6 liéu dudi day:
i) Cho biét dau hiéu va don vi diéu tra la gi? Kich thudc mau la bao nhiéu?
ii) Lap bang phan bd tan sd, tin suat ghép 16p. Nhan xét.
iii) V& biéu db tan sd, tan suat.
iv) Tinh s trung binh, s trung vi, mt.
v) Tinh phuong sai va d¢ léch chuan. Nhén xét.
1) Khéi lugng cta 30 cu khoai tdy thu hoach dugc & nong truong T (don vi: g).
90 73 88 99 100 102 101 96 79 93
81 94 96 93 95 82 90 106 103 116
109 108 @ 112 87 74 91 84 97 85 92
Vi cac 16p: [70; 80), [80; 90), [90; 100), [100; 110), [110; 120].
2) Chiéu cao cua 35 cay bach dan (don vi: m).
66 75 82 82 78 79 90 89 82 72 75 83
74 87 77 70 94 87 80 7,7 78 83 86 81
81 95 69 80 76 79 73 85 84 80 &8
Vi céc 16p: [6,5; 7,0), [7,0; 7,5), [7,5; 8,0), [8,0; 8.,5), [8,5; 9,0), [9,0; 9,5].
3) S6 phiéu dy doan dung cua 25 tran bong d4 hoc sinh.
54 75 121 142 154 159 171 189 203 211 225 247 251
259 264 278 290 305 315 322 355 367 388 450 490

4) Doanh thu cua 50 cira hang ciia mét cong ti trong

Véi céc 16p: [50; 1241, [125; 199], ... (d0 dai mdi doan 1a 74).

mét thang (don vi. triéu do"ng).

50

50

102 121 129 114 95 88 109 147 i 118 148 128 i 71 @ 93
67 62 57 103 135 97 166 83 114 66 156 88 @64
49 101 79 120 75 113 155 48 104 112 79 | 87 88
141 55 123 152 60 83 144 84 | 95 90 27
Véi cac 16p: [26,5; 48,5), [48,5; 70,5), ... (@0 dai mdi khoang 1a 22).
5) Piém thi mén Toan ciia 60 hoc sinh 16p 10.
1 5 4 8 2 9 4 5 3 2 7 2 7 10 0
2 6 3 7 5 9 10 10 7 9 0 5 3 8 2
4 1 3 6 0 10 3 3 0 8 6 4 1 6 8
2 5 2 1 5 1 8 5 7 2 4 6 3 4 2
Vi cac 16p: [0;2), [2; 4), ..., [8;10].
6) S6 dién tiéu thu ctia 30 hd & mot khu dan cu trong mot thang nhu sau (don vi: kW):
47 30 65 63 70 38 34 48 53 33 39 32 40
50 61 37 37 43 35 65 60 31 33 41 45 55

55

59
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Vi cac 16p: [30;35), [35; 40), ..., [65;70].
7) SO cudn phim ma 40 nha nhi€p anh nghi¢p du

st dung trong mdt thang.

5 3 3 1 4 3 4 3 6 8 4 2 4 6
8 9 6 2 10 11 15 1 2 5 13 7 7 2
4 9 3 8 8§ 10 14 16 17 6 6 12

\{c’ri cac lé]?: [0; 2], [3; 5], ..., [15;q17]’.
8) S6 nguoi dén thu vién doc sach budi toi trong

30 ngay cua thang 9 & mot thu vién.

8 81 65 58 47 30 51 92 85
33 44 93 77 57 4 74 63 67

42 55 37 31 82 63
46 73 52 53 47 35

\{c’ri cac 16p: [25; 34], [35; 44], ..., [85; 94] (d6 dai mdi doan bang 9). )
9) SO tien dién phai tra cua 50 gia dinh trong mét thang & mdt khu phd (don vi: nghin

dong)
Lép [375;449] | [450;524] | [525;599] | [600;674] | [675;749] | [750; 825]

Tan s6 6 15 10 6 9 4

10) Khdi lugng cua 30 ca khoai tay thu hoach & mot nong trudng (don vi: gam).

Lép [70; 80) [80; 90) [90; 100) | [100; 110) | [110; 120)

Tan s6 3 6 12 6 3
~
CHUONG VI
GOC — CUNG LUONG GIAC

CONG THUC LUONG GIAC )

I. Gia tri lwgng giac cia goc (cung) luwgng giac
1. Dinh nghia cac gia tri lwgng giac
Cho (OA,OM)=qa . Giasu M(x;y).

cosa:x:ﬁl

sina=y=0K

tana:sma :H (a¢£+k7z)
cosa 2

cota = 09sa =BS (a#kn)
sin o

Nhan xét:

e Va,—1<cosa<l; —1<sina <1
e tano, xac dinh khi o ¢§+k7r,k e’

o sin(a+k2x)=sina
cos(ax+k2m)=cosx

2. Dau cua cac gia tri lwgng giac

sin

cotang

~

cosin

e coto, xac dinh khi a %k, ke Z

o tan(ax +kr)=tanc

cot(a+kr)=cotax

o — Phanar| 1l m oo
Gia tri lugng giac

cosa + — - +

sino + + - -

tana + - + -

coto + — + —
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3. Gia tri lwong giac cua cac goc dic biét

T T T T 2 3z 3z
0 — = = = — = z — 27
6 4 3 2 3 4 2
0° 30° 45° 60° 90° 120° 135 | 180° | 270° | 360°
sin 0 l ﬁ ﬁ 1 ﬁ é 0 -1 0
2 2 2 2 2
cos 1 ﬁ ﬁ l 0 _l _ﬁ -1 0 1
2 2 2 2 2
3
wn | 013 | =3 =t [ o | || ]| o
3 3
ot |1 B B o LB ] e |
3 3
4. Hé thirc co ban:
sin’a + cos’a =1 ; tana.cotaa=1; 1+ tan’ a = ; 1+ cot’ o = 5
cos” o sin” «
5. Gia tri lwgng giac ciia cac goc cé lién quan dic biét
Géc ddi nhau Goc bu nhau Goéc phu nhau
. . .
cos(—a) = cosa sin(z —a) = sina sm(g—al = cosa
sin(—a) = —sina cos(r—a) = —cosa cos E—a = sina
V4
tan(—a) = —tana tan(r —a) = —tana tan E—a = cota
Vs
cot(—a) = —cota cot(r—a) = —cota cot E—a = tana

Goc hon kém 7

Géc hon kém %

sin(r +a) = —sinx

cos(r+a) =—cosa

tan(r +a)=tana

cot(r+a)= cota

I1. Cong thirc lwgng giac
1. Cong thirc cfng
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sin(a+ b) = sina.cosb + sinb.cosa
sin(a—b) = sina.cosb—sinb.cosa
cos(a+b) = cosa.cosb — sina.sinb

cos(a—b) = cosa.cosbhb+ sina.sinb

tana+tanb
tan(a+b) = ———
l1—-tana.tanb

tana—tanb
tan(a—-b) = ———
1+tana.tanb

. T l+tano
Hé qua: tan| —+a|=—7,
4 l1-tana

2. Cong thirc nhan doi
sin2a =2sina.cosa

2 2

V4 l-tano
tan| ——a |= ——
(4 ) I+tana

2cos’a—1=1-2sin’«a

cos2a = cos“ a—sin“ o =
2tana cot’ a—1
tan2q¢ = ——; cot2q = —~
1—tan’ & 2cota
Cong thirc ha bac Cong thirc nhéan ba (%)
sin2a=# sin3a = 3sina —4sin’ «
_ 3,
2 1+cos2a cos3a=4cos’ a 3c30sa
cos a= 7 3tana —tan”
| ’ tan3a = —_—
tan® o = —cosca 1-3tan” o
1+ cos2a
3. Cong thirc bién doi tong thanh tich
a+b a-b sin(a+b
cosa+cosb =2cos .COS tana+tanb = #
2 cosa.cosb
. a+b . a-b sin(a—b
cosa—cosb = —2sin .81 tana—tanb=¥
2 cosa.cosb
. . . a+b a-b ;
sina+sinb = 2sin cos cota+cotb:w
2 sina.sinb
. ) a+b . a-b :
sina—sinb = 2cos sin cota—coth = sin(b—a)
2 sina.sin b

sina +cosa = \/E.sin[a+%j=\/§.cos(a—%j
sina—cosa = ZSin(a—%jz—\/Ecos(anL%j

4. Cong thirc bién doi tich thanh tong

1
cosa.cosb = —| cos(a—b)+cos(a+b
a S Lcosta=b)+cos(a+b)]
sina.sinb = l[cos(a—b) —cos(a+b)]
2

1
sina.cosb = —|sin(a—b)+sin(a+b
a S Lsin(a=b)+sin(a+b) |
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VAN DE 1: Diu ciia céc gia tri lwong gidc

Pé xdc dinh dau cia cac gid tri lwong gide ciia mot cung (goéc) ta xdc dinh diém nhon
cuia cung (tia cuoi cua goc) thudc goc phan tw nao va dp dung bang xét dau cac GTLG.

Bai 23. Xac dinh dau cua cac biéu thic sau:

a) A = sin50°.cos(—=300°) b) B = sin 215°.tan217”
c)C= cotz.sin(—z—”j d)D= cos4—ﬂ.sin£.tan4—”.cot9—”
5 3 5 3 3 5
Bai 24.Cho 0° < <90°. Xét d4u cua céc bidu thirc sau:
a) A = sin(a +90%) b) B = cos(a —45°)
¢) C = cos(270° — ) d) D = cos(2a +90°)
Bai25.Cho O<a < % Xét dau cua cac biéu thirc sau:
a) A= cos(a+r) b) B = tan(a — )
c)C= sin(a+2?ﬁ] dyD= cos(a—%[)
Bai 26. Cho tam giac ABC. Xét ddu ciia cac biéu thirc sau:
a) A=sinA+sinB+sinC b) B = sin A.sinB.sinC
c)C= cosé.cosé.cos£ dyD= t:zlnéthanéthan£
2 2 2 2 2 2

VAN BE 2: Tinh cic gia tri lwong giac ciia mdt géc (cung)

Ta sir dung cdc hé thire lién quan gitka cdc gid tri lrong gide cia mét goéc, dé tr gid tri
lieong gidc da biét suy ra cdc gid tri ong gidc chira biét.

I. Cho biét mét GTLG, tinh cic GTLG con lgi
1. Cho biét sina, tinh cosa, tana, cota

2 2

a=1 = cosa=tVl-sin“«.
— Néu a thuéc géc phan tw I hodc IV thi cosa = V1-sin’« .
— Néu a thuéc géc phan tu II hodic I thi cosa = —\1— sin? ar .

N
o T sin” o + cos

, sin o
o Tinh tana = s cota = .
cosa tan o

2. Cho biét cosa, tinh sina, tana, cota
e Tirsin®a+cos’a=1 = sina=+Jl-cos’ & .
— Néu a thuéc goc phan tu I hodic II thi sina =+1— cos’ o .
— Néu a thuéc géc phan tu I hodc IV thi sina = —1— cos’ o .

, sina
o Tinh tana = s cota = .
cosa tan o

3. Cho biét tana, tinh sina, cosa, cota

o Tinh cota =

tan o
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1

1 2
o T =l+tan“" o = cosa =t ——.
2 [
cos” o 1+tan’ &
A A , A v \ 1
— Néu a thudc goc phan tw I hodc IV thi cosq = ———.
\]1+tan2a

1

\/1+tan2a .

— Néu a thuéc géc phan tw Il hogc I thi cosa = —

o Tinh sina =tana.cosa .
4. Cho biet cote, tinh sina, cosa, tana

o Tinh tana = .
cota

. 1
=l+cot’ ¢ = sina ==

1
sin® V1+ cot’ a
1

— Néu a thudc goc phdn tw I hodc I thi sing = ————.
V1+ cot’ &
1

Vi+cot’a
II. Cho biét mét gid tri lwong gidc, tinh gid tri clia mét biéu thirc
e Cdch 1: Tir GTLG da biét, tinh cidc GTLG c6 trong biéu thire, roi thay vao biéu thirc.
o Cich 2: Bién d6i biéu thirc can tinh theo GTLG da biét
IIL. Tinh gid tri mét biéu thivc lwong gidc khi biét tong — hiéu cic GTLG
Ta thwong sir dung cdc hang dang thire dé bién doi:

o Tur

— Néu a thugc géc phan tu Il hodc IV thi sina = —

A2 +B*=(A+B)’>-24B A*+B* = (A% + B*)? —2A%B?
A+ B> =(A+B)A®>-AB+B?) A} B’ =(A-B) (A’ +AB+B?)
IV. Tinh gid tri ciia biéu thirc bang cdch gidi phwong trinh

eDat t= sin’ x, 051 = cos’ x =t. Thé vao gid thiét, tim dworc t.
Biéu dién biéu thirc can tinh theo t va thay gid tri ciia t vao dé tinh.

o Thiét ldp phwong trinh bdc hai: ?—St+P=0 véi S =x+y, P=xy. Tudo timx, y.

Bai 1. Cho biét mot GTLG, tinh cac GTLG con lai, véi:

a) cosa:i, 270° < a < 360° b) cosa:l, —£<a<0
5 Js' o2
c) sina:i,£<a<7r d) sinozz—l,1800<0{<2700
13 2 3
e) tana:3,7r<a<37ﬁ f) tana:—2,§<a<ﬂ
g) cot150=2+\/§ h) cota=3,7r<a<37”
Bai 2. Cho biét mot GTLG, tinh gia tri cta biéu thuc, voi:
g) A= QLA 4 =3 0<a<Z ps: 22
cota—tana 5 2 7
2 J—
py p=owniatdcotazl il 900 < 4180 ps: 8
tana+ cota 3 3
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.2 . _ 2
¢) C= sin“ a+2sina.cosa—2cos” a khi cota=—3 DS 23

2sin® a—3sina.cosa+4cos’ a 47
d) D= 5“3"”5“’53" khi tana =2 ps: 22
sin” a—2cos” a 6
3 0 hein3
5 E:800s a—2sin” a+cosa Khi tang =2 DS 3
2cosa—sin’ a 2
g) G:M khi cosa:—2 DS: D
2cota+tana 3 13
hy H =0T b tana=5 ps: -3
cosa—sina 2

. S oz
Bai 3. Cho sina+cosa= 7 Tinh gia tri cac biéu thire sau:

3 3

a) A=sina.cosa b) B=sina—cosa c¢) C=sin"a—-cos a
J7 AT
DS a) — b) +— +
) 32 / 4 ) * 128

Bai4. Cho tana—cota =3. Tinh gi4 tri cac biéu thirc sau:

a) A=tan’a+cot’a b) B=tana+cota c¢) C=tan* a—cot*a

DS: a) 11 b) £J13 o) +33413
Bai 5.
. 4 43 . 4 4 7
a) Cho 3sin™ x +cos x:Z.Tlnh A=sin" x+3cos” x. DS: A:Z
b) Cho 3sin4x—cos4x:%.Tinh B=sin* x+3cos* x. DbS:B=1

c¢) Cho 4sin4x+3cos4x=%.Tinh C=3sin* x+4cos*x. BS: Cz%v Cz%
Bai 6.
a) Cho sinx+cosx :%. Tinh sin x, cosx, tan x, cot x.

b) Cho tan x +cotx =4. Tinh sinx, cosx, tanx, cotx.

VAN DE 3: Tinh gia tri lwgng giac cia biéu thirc bz"mg cac cung lién két

Sir dung céng thire cac géc (cung) c6 lién quan ddc biét (cung lién két).

Bai 1. Tinh cac GTLG cua cac goc sau:
a) 120°;135%; 150%; 210°; 225%; 240°; 300°; 315°; 330°; 390°; 420°; 495°; 2550°
Tr 13z S5z 10z 5z 1z 167r 137 297 3lx
b) 97 17y —; —0y 22, 2. 22 T o7 O
27 4 4° 3 37 3 376 6 4
Bai 2. Rt gon cac bi€u thuc sau:

a) A= cos(§+x)+ cos(2z —x)+cos(3x +x)
. Tr 3z
b) B=2cosx—3cos(z —x)+5sin 7—x +cot 7—x
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c) C:2sin(%+xj+sin(57r—x)+sin(37ﬂ+xj+cos(%+xj

d) D =cos(57 —x)—sin (37” + x) +tan (377[ - x) +cot(37 —x)

Bai 3. Rut gon cac biéu thirc sau:
sin(-328°).5in958° _ cos(~508").cos(~1022°)

a) A= . ; PS: 4 =-1
cot572 tan(—212")

s 0y 0

by p=Sin234 ) =c0s2167 460 DPS: B=—1
sin144° — cos126°

c) C= 020" + c0s40° + cos60° + ... + cos160° + cos180° DbS: C=-1

d) D= c0s210° + cos? 20° + cos? 30° +...+ cos? 180° bS: D=9

e) E =5in20° +sin40° +sin 60° + ... + sin 340° + sin 360° BS: E=0

f) 25in(790° + x) + cos(1260° — x) + tan(630° + x).tan(1260° —x)  BS: F=1+cosx

VAN DE 4: Rit gon biéu thirc lwong gisc — Chirng minh ding thirc lwong gidc

Str dung cdc hé thicc co ban, cong thirc luong gidc c‘ié bié:n doi biéu thirc lwong gidc.
Trong khi bien doi biéu thic, ta thwong sur dung cac hang dang thirc.
Chu y: Néu la biéu thirc lwong gidc doi voi cac goc A, B, C trong tam gidac ABC thi:
A+B+C=rx va é+£+£:Z
2 2 2 2

Bai 1. Chimg minh cic ding thirc sau:
4 4 2

a) sin” x—cos  x =1-2cos” x
b) sin® x +cos* x = 1-2cos? x.sin® x
c) sin® x + cos® x = 1-3sin? x.cos? x

8 2 4 4

d) sin® x + cos® x = 1—-4sin? x.cos? x + 2sin* x.cos* x
2x 20082 x.cotzx

2 x.sin’ x

e) cot® x —cos

2

f) tan® x —sin” x = tan

g) 1+sinx+cosx+tanx = (1+cosx)(1+tanx)

h) sin’ x.tan x +cos” x.cot x +2sin x.cos x = tan x + cot x

i) sinx+cosx—1 _ 2cosx
1—cosx sinx —cosx +1
.2
1+sin” x
k) — = 1+tan” x
1—sin” x
Bai 2. Chuing minh cac dang thic sau:
tana+tanb sina cosa 1+cot’a
a) tana.tanh = —— b) — - — =
cota+coth sina—cosa cosa—sina 1—cot’aq
sin® a cos’ a . sin® a sina+cosa
1- - =gsina.cosa d) — - =sina+cosa
l+cota l+tana sina—cosa  tan?a—1

tan’ a 1+cot2a_ 1+tan* a

e)

2

1+ cosa {1_ (l—cosa)2
sin“ a

- }:2cota f) > R 5
sma l+tan“a cot“a tan“ a+cot” a
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1+sina 1-sina ’ tan’a—tan’b sinZa—sin’b
g) \/ —\/ =4tan’a h) =

l-sina l+sina tan” a.tan” b sin” a.sin> b
. sin’a—tan’a 6 tan’ a 1 cot’ a 3 3
1)ﬁ:tan a k) SR +——— =tan"a+cot”a
cos“a—cot a sin“q SINa.cosa cos“a
. 4 4 . 8 8
.. sin" x cos a 1 .. , . sinx cos” x 1
Bai3. Cho + = , vOi a,b > 0. Ching minh: + =

a b a+b a b’ (a+b)’ '

Bai 4. Rut gon cac biéu thic sau:

a) (1- sin? X) cot®> x+1—cot® x b) (tan x + cot )c)2 —(tan x —cot )c)2
2 2 2
c) 0052 s COS2 x cot2 a d) (x.sina—y.cos a)2 +(x.cosa+ y.sin a)2
sin” x +sin” x.tan” x
sin? x —tan® x sin® x —cos” x +cos”* x
©) 2 2 D 2 ) . 4
cos” a—cot” x cos” x —sin” x+sin” x
. 1+ 1-
g) \/sm2 x(1+cotx)+ cos® x(I+tanx) h) \/ cosx —\/ cosx ; xe€ (0, )
1—cosx 1+cosx
1) \/1+s%nx +\/1—s%nx; xe(—z;zj k) cosx—tan® x —sin® x; xe(z;zj
1—-sinx 1+sinx 22 2 2
Bai 5. Chung minh cac biéu thic sau doc 1ap dbi véi x:
a) 3(sin4 x+cos” xX)— 2(sin6 x + cos® X) DS: 1
b) 3(sin8 x—cos® X)+ 4(cos6 x—2sin® xX)+6 sin* x DS 1
c) (sin4 x+cost x— 1)(tan2 x+cot? x + 2) DS: -2
d) cos? x.cot? x +3cos> x —cot® x +2sin® x DS: 2
. 4 4
o) sin” x+3cos” x 41 DS 2
sin® x +cos® x +3cos* x -1 3
2 2 2 .2
f) tan” x 2(:os X + cot” x 2sm X PS- 2
sin” x cos” x
sin® x+cos® x—1 3
g) 2 7 DS: —
sin” x+cos” x—1
Bai 6. Cho tam giac ABC. Chung minh:
a) sinB=sin(A+C) b) cos(A+B)=—cosC
. B C
c) sin = cosz d) cos(B—C)=—cos(A+2C)
-3A+B+C .
e) cos(A+B—-C)=-cos2C f) cos————=—sin2A
. A+B A+B-2
g) sm+—+3c =cosC h) tan+—c = cot37C
VAN BE 5: Cong thirc cong
sin(a+b) = sina.cosb + sinb.cosa tana+tanb
. o . tan(a+b) = ———
sin(a—b) = sina.cosb—sinb.cosa 1—tana.tanb
cos(a+b) = cosa.cosb — sina.sinb tana —tanb
. . tan(a—b) = ———
cos(a—b) = cosa.cosb+ sina.sinb l+tana.tan b
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o, T l+tano T l-tano
Hé qua: tan| —+a |= ———, tan| ——a |= ——
4 1-tana 4 l+tana

Bai 1. Tinh cac gia tri lugng giac cia cac goc sau:

a) 15°; 75%; 105° by £, 2% %
. 1271212
Bai 2. Tinh gia tri cta bi€u thuc lugng giac, khi biét:
a) tan(a+£j khi sina:§,£<a<7r DS: —38_25\/5
3 52 11
3 13 2 26
c) cos(a+b).cos(a—b) khi cosazl, cosb=l . _119
3 4 144

d) sin(a - b), cos(a+b), tan(a+ b) khi sina = ﬁ, tan b:i va a, b 1a cac gbc nhon.

ps: 2L, 140, 21
221 221 220

e) tana+tanb, tana, tanb khi O<a, b<%,a+b=% va tana.tanb :3—2\/5. Tu do

suyraa, b . bS: Zﬁ—z;tanaztanbzﬁ—l,azbzg
Bai 3. Tinh gia tri cia cac biéu thic lugng giac sau:
a) A = sin” 20° +sin” 100 +sin® 140° bs: %
b) B = cos’ 10° + cos110° + cos® 1307 bs: %
¢) C = tan20°.tan80° + tan 80°.tan 140° + tan 140°. tan 20° DS: -3
d) D= tan10°.tan70° + tan 70°.tan 130° + tan 130°. tan 190’ DS: -3
o _ o o
¢)E = cot225” —cot79%. cot 71 ps: 3
cot259° +cot 251°
) F = cos® 75° —sin® 75° bs: —g
_ o
oG Lznts b V3
1+tan15° 3
h) H = tan15° + cot15° PS: 4

HD: 40° =60° —20°; 80° =60 +20°; 50° =60° —10°; 70° = 60° +10°
Bai 4. Ching minh céc hé thic sau:

a) sin(x + y).sin(x—y) = sin” x —sin® y
2sin(x + y)

cos(x+y)+cos(x—y)

V4 V4 2 2
c) tanx.tan(x+§j+tan(x+§)tan(x+?}+tan(x+Tj.tanx =-3
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b) tanx +tany =



d) cos(x—%}.cos(x+%j+cos(x+%j.cos(x+%[j = g(l—\/g)

e)
(cos70° + c0s50°)(cos230? +c0s290°) +(cos40° + cos160?)(cos320° + cos380?)=0

tan” 2x —tan> x

f) tanx.tan3x = 5 5
1—-tan” 2x.tan” x

Bai 5. Chirng minh cac hé thuc sau, voi diéu kién cho trude:
a) 2tana =tan(a+ b) khi sinb =sina.cos(a+b)
b) 2tana =tan(a+ b) khi 3sinb =sin(2a+ b)

c) tana.tanb = —% khi cos(a+b)=2cos(a—b)

d) tan(a+b).tanb = % khi cos(a+2b)=kcosa
+

HD: a) Chuy: b= (a+b)-a b) Chuy: b = (a+b)—a; 2a+b=(a+b)+a
¢) Khai trién gia thiét d) Chii y: a+2b=(a+b)+a; a=(a+b)-b
Bai 6. Cho tam giac ABC. Chiing minh:
a) sinC =sin A.cos B+sinB.cos A
_ smC =tanA+tanB (A,B # 900)
cosA.cosB

c) tanA+tanB+tanC =tan A.tan B.tanC (A,B,C;t900)
d) cotA.cot B+cotB.cotC+cotC.cotA=1

A B B C C A
e) tan—.tan—+tan—.tan—+tan—.tan— =1
2 2 2 2 2 2

A B C A B C
f) c0t3+c0t5+cot—= cot—.cot—.cotz

o) cotB+— € _coter—9B 4 2907

sinB.cosA sinC.cos A
A B C . A.B c . A B . C A. B.C
h) cos—.cos—.cos— = sin—sin —cos— + sin — cos — sin — + cos —sin —sin—
2 2 2 2 2 2

2 B 2 C

24 —+sin
2

o . . A. B.C
i) sin“ —+sin = 1+2sin—sin—sin—
2 2 2

HD:a, b, c, d) Sirdung (A+B) +C=180" e, f) Sir dung (§+§j+%:900

@) VI =VP=tanA h) Khai trién cos(é+§+£j
2 2 2

i) Khai trién sin (é+§+£j
2 2 2

o B C . A B ¢ . A . B .C
Chu y: T cos(—+—):sm— = €0S—.COs— =sin—+Ssin—.sin—
2 2 2 2 2 2 2 2

. A B c . ,A A . B .C
= sin—.c0s—.cos— =sin~ —+sin—.sin —.sin —
2 2 2 2 2 2 2
Bai 7. Cho tam giac A, B, C. Chiing minh:
a) tanA+tanB+tanC > 3\/5, Y AABC nhon.

b) tan’ A+tan’> B+tan>C > 9, V AABC nhon.
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¢) tan® A +tan® B+ tan® C> 81, V AABC nhon.

A B C
d) tan’ E+ tan> =+ tan> > >1

e) tané+tan£+tan£2 \/g
2 2 2

HD: a, b, ¢) St dung tan A+tan B +tanC =tan A.tan B.tan C va BDT Cé—si
d) Sur dung a® +b*+c? = ab+bc+ca

. A B B C C A
va tan—.tan—+tan—.tan—+tan—.tan— =1
2 2 2 2 2

2
; A B
e) Khai trién (tan By + tanE +tan %) va s dung cdu c)

VAN DE 6: Cong thirc nhan

Cong thirc nhan doi
sin2a =2sina.cosa

cos2a = cos’ a—sin®a = 2cos>a—1=1-2sin’ a

2tana cot?a—1
tan2g = ——; cot2q = —~
1—tan’ & 2cota
Cong thie ha bac Cong thirc nhin ba (¥)
sinza:ﬂ sin3a = 3sina —4sin’ «
5 1+Cg52a cos3a=4cos’ a—3cosa
cos a= 2 3tana —tan’ &
1—cos2a 1an 3= T a2
tan’ = ——— -~ 1-3tan” o
1+ cos2a

Bai 27. Tinh gi4 tri cua biéu thirc lugng giac, khi biét:

a) cos2a, sin2q, tan2a khi cosa = —i, T<a <377Z
b) cos2a, sin2q, tan2a khi tana =2
¢) sina, cosa khi sin2a = —i, T ca <377r
. : 7
d) cos2a, sin2a, tan2a khi tana = 3
Bai 28. Tinh gia tri cua biéu thic sau:
a) A = c0s20°.cos40°.cos60°.cos80° DS: %
b) B = sin10°.sin 50°.sin 70° DS: %
c) C= cosz.cos4—”.coss—” DS: 1
7 7 7 8
d) D= c0s10°.c0s50°. cos 70° DS: g
e) E =sin6°.sin42°.sin 66°.sin 78° DS: %
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) G= cosz—ﬁ.c0s4—ﬂ.c0s8—ﬂ.cosl6—”.cosn—ﬂ DS: €
31 31 31 31 32
h) H = sin5°.sin15°.sin 25°.... sin 75°.sin 85° DS: 5%
i) 1 =c0810".¢0s20°. c0s30°...cos 70. cos 80° DS: %
k) K= 96\/3sinl.cosl.coslcosicosZ DS 9
48 48 24 12 6
1) L= cosl.cosz—ﬁ.c0s3—ﬂ.c0s4—ﬂ.c0s5—ﬂ.cos6—”.cos7—ﬁ DS: L
15 15 15 15 15 15 128
m) M =sin = .cos = .cos = DS: N2
16 16 8
Bai 29. Chirng minh rang;
a) P = cosﬁcosizcosi3 cosin - sne
2 2 2 2" sin- &
2}’!
b) O = cos .COS 27 cosF 1
2n +1 2n+1 2n+1  9n
2 4r 2nrx 1
¢) R =cos .COoS ... COS =—=
2n+1 2n+1 2n+1 2
Bai 30. Chirng minh céc hé thirc sau:
a) sin*+cos* x = E+lc0s4x b) sin® x+cos® x = é+§c0s4x
4 4 8 8
c) sin x.cos® x — cosx.sin® x = lsin 4x d) sin® X —cos® X = lcosx(sin2 x—4)
4 2 2 4
. .ol ox 1-sin’ x
e) 1-sinx = 2sin“ | ——— f) =1
4 2 (7[ j 2(72‘ j
2cot| —+x |.cos”| ——x
4 4
V4
T X 1+COS(2+XJ /4 1+sin2x
2) tan(—+—].— =1 h) tan(—+xj =—
4 2 . (7[ j 4 cos2x
sin| —+x
2
Cos x T X tan” 2x —tan® x
— = ——= k) tanx.tan3x = 5 5
1—sinx 4 1-tan” x.tan” 2x
1) tanx = cotx—2cotx m) cotx+tanx =

sin2x

1 1\/1 1 fl 1 x . T
n) 4|—+—4[—+—4/—+—cosx =cos—, vdi 0 <x<—.
2 2\V2 2V2 2 8 2

VAN DE 7: Céng thirc bién dbi

1. Céong thirc bién doi tong thanh tich
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a+b a—b
cosa+cosb = 2cos

.COS

a—-b

. a+b .
cosa—cosb = —2sin .sin

. . . a+b a-b
sina+sinb = 2sin

.COS

a—b

. . a+b .
sina—sinb = 2cos .sin

sinfa+b
tana+tanb = #
cosa.cosb
sin(a—b
tana—tanb =¥
cosa.cosb
sin(a+b
cota+coth :¥
sina.sin b
sin(b—a
cota—cotb =#
sina.sin b

sina +cosa = 2.sin(a +%j =\/§.cos(a—%j

sina—cosa = 25in(05—z —ﬁcos(ow%)

2. Cong thirc bién doi tich thanh téng

4:

1
cosa.cosb = —| cos(a—b)+cos(a+b
S Leosta=b)+cos(a+ )]
sina.sinb = l[cos(a—b) —cos(a+b)]
2

1
sina.cosb = —|sin(a—b)+sin(a+b
Lsint@=b)+sina+b) |

Bai 1. Bién d6i thanh tong:
a) 2sin(a+ b).cos(a—b)

¢) 4sin3x.sin2x.cos x

e) sin(x+30°).cos(x —307)

g) 2sin x.sin2x.sin3x.

o T . T
1) s1n(x+—j.sm(x——j.cos2x
6 6

Bai 2. Ching minh:
a) 4cos x.cos(% - xj cos(% + xj =cos3x

4 sin x.sin (% - x) sin (% + x) =sin3x
Ap dung tinh:
A =sin10°.sin 50°.sin 70°
C =sin20".5in 40°.sin 80"
Bai 3. Bién doi thanh tich:
a) 2sin4x+ \/5

c) 1-3tan® x
e) 3+4cosdx+cos8x

g) 1+sin2x—cos2x —tan2x
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b) 2cos(a+ b).cos(a—b)
d) 4sin13—x.c0s X.cos>
2 2
. T . 27
sin—.sin—
D 5 5
h) 8cosx.sin2x.sin3x

k) 4cos(a—b).cos(b—c).cos(c—a)

b)

B = cos10°.cos50°.cos70°
D = c0s20°.cos 40°. cos 80°

b) 3—4cos® x

d) sin2x +sin4x +sin6x
f) sin5x +sin6x + sin 7x + sin 8x

h) sin?(x +90%)—3cos?(x —90°)




i) cosS5x+cos8x+cos9x+cosl2x k) cosx+sinx+1
Bai 4. Rut gon cac bicu thuc sau:

2) A = cos7x—cos8x—cos9x +cos10x b) B = sin2x +2sin3x +sin4x
sin 7x —sin 8x —sin9x +sin10x sin3x +2sin4x +sinSx
¢) C = 1+ cosx+cos2x+cos3x d) D = sin4x +sin 5x +sin 6x
cosx+2cos® x—1 cos4x +cos5x+cos6x
Bai 5. Tinh gid tri ciia cac biéu thirc sau:
a) A= cos£+cosz—ﬂ b) B = tan£+tan7—ﬂ-
5 5 2 24
¢) C = sin® 70°.sin? 50°.sin® 10° d) D = sin?17° +sin” 43° +sin17°.sin 43°
e) E =;—25in70" f) F= L V3
2sin10° sin10° cos10°
tan 80 cot10?
g G= -

cot25° +cot75° tan25° +tan75°
h) H = tan 99 —tan27° —tan 63° + tan 81°

1 1 3
DS: A=— B=20J6-3 C=_ D=2
2 ( ) 64 4
E=1 F=4 G=1 H=4
Bai 6. Tinh gia tri cua cac biéu thuc sau:
a) sinisin7—ﬂsin 137 sin 197 sin 257 DS: €
30 30 30 30 30 32
b) 16.sin10°.sin 30°.sin 50°.sin 70°.sin 90° DS: 1
1
) c0s24° +cos48° —cos84° —cos12° DS: 5
d) c0s2—7r+c0s4—ﬂ+c0s6—ﬂ DS: L
7 7 7 2
e) cosz—cosz—ﬂ+cos3—ﬂ- DS: 1
7 7 7 2
f) cos£+coss—ﬁ+cos7—7[ DS 0
9 9 9
g) cos2—”+cos4—”+cos6—”+cosg—” DS: -1
5 5 5 5
h) cos£+cos3—”+coss—”+cos7—”+cosg—” DS: 1
11 11 11 11 11 2

Bai 7. Chung minh rang:
a) tan9’ —tan27° —tan63° +tan81° = 4
b) tan20° —tan 40° + tan80° = 3/3
¢) tan10” —tan50° + tan 60° +tan 70° = 23

83

d) tan30° +tan40° +tan50° + tan60° = = cos20°

e) tan20? +tan 40 +tan80° +tan 60° = 8sin40°

f) tan®20° —=33tan*20° +27tan>20° -3 = 0
Bai 8. Tinh cac tong sau:
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a) §;=cosa+cos3a+cosSa + ... +cos2n—la (a #kr)

. . . : -1
b) S, = sm£+sm2—”+sm3—ﬁ+ .. +sin (n )7[.
n n n n
2n—1
) S5 =cos£+cos3—”+coss—”+ cosu.
n n n n
1 1 1
d S, = + + i t———, Vdi a=Z.
cosa.cos2a cos2a.cos3a cos4a.cosSa 5
1 1
e) S5:(1+ ! j(1+ ! j(1+ j I+ ——
CoS X cos2x cos3x cos2" 1y
Bs: S, :Sln?na ; S, = coti; S, :—cosz;
2sina 2n n
_ t 2)’!—1
s, = tan5c'z tana _ 1_\/5; S, = an x
sina X
tan —
2
Bai 9.

a) Chimg minh rang; sin® x = 5(3 sinx—sin3x) (1)

b) Thay x=-—vao (1), tinh S, =sin® =+3sin® =+ .. +3" " sin® =,
3" 3 3? 3"

pS: S, = 5(3" sinﬁ—sina)

3}’!
Bai 10.
s in2
a) Chung minh rang: cosa = s1n. a.
2sina
b) Tinh P, = cosgcosi2 cosin. DS: P = S x .
2 2 2"sin
2}‘1
Bai 11.
a) Ching minh ring: —— = cot=—cot x.
sin x
b) Tinh S= ,1 +— L oot Q" o £ k) PS: S=cotE—cot2" g
sina  sin2«a sin2" g 2
Bai 12.
a) Chimg minh rdng: tan” x.tan2x = tan2x—2tanx.
b) Tinh § = tan? < tana+2tan® L tan L+ 12" tan? L tan
DS:
S, =tana—2" tan--
2}‘1
. .z 1 1 1 1
Bai 13. Tinh sin” 2x, biét: + +——t—5— =7 ps: 8
tan>x cot>x sin’x cos>x 9

Bai 14. Ching minh cic ding thirc sau:
1-2sin®2x _ 1+tan2x
1-sin4x 1-tan2x

a) cotx—tanx—2tan2x = 4cot4x b)
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2 )
1 3tan” x 1 sin2x —cos2x

c) —tan® x = +1 d) tan4x — =—

cos® x cos? x cosdx  sin2x+cos2x

e) tanbx —tan4x —tan2x = tan2x.tan4x.tan 6x

Sin 7x =1+2cos2x+2cosdx+2cosbx

sin x
g) cosSx.cos3x +sin7x.sin x = cos2x.cos4x
Bai 15.
2tan(a+b)
tana B
b) Cho tan(a+b) = 3tana. Chung minh: sin(2a+2b)+sin2a = 2sin2b
Bai 16. Cho tam giac ABC. Chiing minh:

a) Cho sin(2a+ b) = 5sin b . Ching minh: 3

a) sinA+sinB+sinC = 4cosécos£cos—
2 2 2

b) cosA+cosB+cosC = l+4sin§sin§sin%

¢) sin2A +sin2B +sin2C = 4sin A.sin B.sinC

d) cos2A+cos2B+cos2C = —1—4cos A.cos B.cosC
e) cos® A+ cos® B+cos> C = 1-2cos A.cos B.cosC

f) sin®> A+sin® B+sin® C = 2+2cos A.cos B.cosC
Bai 17. Tim céac goc cua tam giac ABC, biét:

2) B—C =~ vasinB.sinC = . ps:B=", c=" ="
3 2 2 6 3
b) B+C=2—7[ va sinB.cosC:IJr\/g. DS:AZZ, st—ﬁ, =z
3 . . 4 3 12 4
Bai 18. Chirng minh di€u kién can va da dé tam giac ABC vuodng:
a) cos2A+cos2B+cos2C =-1 b) tan2A +tan2B+tan2C =0
5 b c __ a. d)COt§:a+c
cosB  cosC sinB.sinC 2 b
Bai 19. Chiing minh dicu kién can va du dé tam giac ABC can:
+B

A
a) atan A+ btan B=(a+b)tan b) 2tanB+tanC =tan’ B.tanC

sin A +sin B C 2sinA.sinB

—:l(tanAthanB) d) cot—= -
cosA+cosB 2 2 sinC

Bai 20. Ching minh bat dang thic, tir d6 suy ra diéu kién can va du dé tam giac ABC déu:

33

a) sinA+sinB+sinC ST HD: Cong sin% vao VT.

b) cosA+cosB+cosCS% HD: Cong cos% vao VT.

c) tanA+tanB+tanC > 3\/5 (voi A, B, C nhon)
d) cosA.cosB.cosC < % HD: Bién déi cos A.cosB.cosC —% vé dang hang ddng thirc.
BAI TAP ON CHUONG VI

Bai 31. Chirng minh cic dang thirc sau:
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sin” x —cos> x +cos* x

a) 5 5 =tan* x b) (tan2x—tanx)(sin2x—tanx):tan2x
cos” x —sin” x+sin” x
5 5 6+2cosdx l+cosx 1-cosx 4cotx
¢) tan“x+cot“ x =——— - =—
1—cosdx l-cosx 1+cosx sinx
.2 2
sin” x cos” x .
e) 1— - =ginx.cosx f) cosx+cos(1200 —x)+cos(1200 +x)=0
I+cotx l+tanx
Vs
\/Ecosx—Zcos(4+x cot2 ¥ —cor? X
2) =tanx h) 2 2 =38

2sin(j+xj—x/§sinx

cos> f.cos x.| 1+ cot? 37x
2 2

1) cos® x —sin® x = cos Zx(l —%sin2 2x] k) cos* x —sin* x +sin2x = \/Ecos(2x —%)

Bai 32. Chtng minh cac biéu thirc sau khéng phu thude vao x:
a) 3(sin4 x+cos” x)— 2(sin6 x +cos® X)

b) cos® x+2sin® x cos? x +3sin? xcos* x +sin? x

C) COS| X—— |.COS|{ X+— |+COS| XxX+— |.COS| X +—
3 4 6 4

d) cos’ x + cos’ (2?” + xj +cos? (2?” - xj

Bai 33.a) Chung minh: cota —cot2a = — .
sin2a
, . 1 1 1 1
b) Chirng minh: — +— +— +— =cotx—cotl6x.
sin2x sin4x sin8x sinl6x

Bai 34.a) Chimg minh: tana =cota —2cot2c .

b) Chirng minh: ltan£+itani+...+Ltani = Lcoti—cotx .
Bai 35. a) Chung minh: ! = 4 1 .
4cos’x sin’2x 4sin’x
b) Ching minh: ! + ! +...+ ! =— L !
4cos?E 4%cos? X 4" cos? T SITX gngin2
22 2" 2"

3

Bai 36.a) Chiing minh: sin” x = i(3 sin x —sin 3x).

b) Chémg minh: sin® > +3sin® = +...+3" " sin® = = 1 3" sin———sinx |.
3 3 3" 3"

Bai 37.a) Chung minh: 1+ I _tan2a

cos2a tana

n
b)Chfmgminh:(H 1 ](n 1 J"'{“ 1 j:tanzx_

cos2x cos2’ x cos2" x tan x
i ) sin2a
Bai 38.a) Chung minh: cosa¢ =———.
2sina
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b) Chirng minh: cosg.cos%...cosi - mx
n
2 2% orgin Y
2}’!
Bai 39. Pon gian cac biéu thirc sau:
a) A =tan3’tan17° tan23°.tan37°.tan43° tan57°.tan 63°.tan 77°.tan 83°

b) B= cosz—”+cos4—”+cos6—7r+c038—7Z
5 5 5 5

c) C=sin11—ﬂ.c0s5—”
12 12
b4 T . 1z

d) D= sin 2 .sin > sin -2 sin—~
24 24 24 24

HD: a) A=tan27°. Sir dung tan x.‘[an(600 - x).tan(600 +x)=tan3x.

1 3 1
b)B=-1 C=——— d) D=—
/ o 2 4 ) 16
Bai 40. Chtirng minh:

V4 2 3z 1
a) COS——COS—+COS— = —
7 7 7 2

b) 8sin> 18° +8sin?18° =1
c) 8+ 4tan = +2tan =+ tan—~ = cot
8 16 32

32

O B B

08290°  3.5in1250° 3

83

e) tan30” +tan40° +tan50° + tan 60° = = cos20°

\@+1

2

) cos12? +cos18% —4co0s15°.cos21°.cos24° = —

g) tan20° +tan40° + J3.tan20°. tan 40° = 3

V4 3z 97 1
h) cos—+cos—+...+cos—=—

11 11 11 2
. 2 4 10z 1
i) coOS—+Ccos—+...+COS—— = ——
11 11 1 2

Bai 41.a) Chirng minh: sin x.cos x.cos2x.cos4x = %sin 8x .

b) Ap dung tinh: A =sin 6°.sin42°.5in66°.5in 78", B = cos%.cos%.cos% .
<. , . . 4 3 1 1
Bai 42.a) Chiing minh: sin™ x = g——cos 2x +§cos 4x .
b) Ap dung tinh: § = sin* Z +sin* 3z +sin® R +sin® 7—” DS: §S= 3
16 16 16 16 2
Bai 43.a) Chirng minh: tanx = I_.Cﬂ
sin2x
b) Ap dung tinh: S = tan? 7= 4 tan? 37 +tan® S—ﬂ
12 12 12
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Bai 44. Khong ding may tinh, hiy tinh gi tri cac biéu thirc sau:
a) sin18°, cos18" b) A =cos”18°.sin? 36" — cos36°.sin18°

c) B= sin? 24° —gin? 6°

d) C =sin2°.sin18°.5in22°.5in 38°.5in 42°.5in 58°.5in 62°.5in 78°.sin 82°

\/> ! . Chu y: sin 54° = c0s36° = sin(3. 18° ) =cos(2. 180)

4

HD: a) sin18” =

b) A=

&5“

-1 0 1
d C= .S d 60° — 60~ +x)=—sin3
/) 1004 1 dung: sin x.sin( x).sin( X) 4sm X

Bai 45. Chirng minh rang;
a) Néu cos(a+b)=0 thi sin(a+2b) =sina.
b) Néu sin(2a+b) =3sinb thi tan(a+b)=2tana.

Bai 46. Chirng minh ring trong tam gidc ABC, ta cé:
b) S= 2R?*sin A.sin B.sinC

a) bcosB+ccosC=acos(B-C)

c) 2S=R(acosA+bcosB+ccosC) d) r= 4Rsin§sin§sin3
Bai 47. Chirng minh rang;

SinB+sinC thi tam giac ABC vuong tai A.

a) Néu sin A =
cosB+cosC

)
tanB s B ., A <A
= thi tam giac ABC vudng hodc can.
tanC Sin2 C

b) Néu

¢) Néu S, B =2cos A thi tam giac ABC can.
sinC
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